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theory:	a	comprehensive	course	©	1996-2014,	Amazon.com,	Inc.	or	its	affiliates	This	book,	a	concise	introduction	to	modern	probability	theory	and	certain	of	its	ramifications,	deals	with	a	subject	indispensable	to	natural	scientists	and	mathematicians	alike.	Here	the	readers,	with	some	knowledge	of	mathematics,	will	find	an	excellent	treatment	of	the
elements	of	probability	together	with	numerous	applications.	Professor	Y.	A.	Rozanov,	an	internationally	known	mathematician	whose	work	in	probability	theory	and	stochastic	processes	has	received	wide	acclaim,	combines	succinctness	of	style	with	a	judicious	selection	of	topics.	His	book	is	highly	readable,	fast-moving,	and	self-contained.The	author
begins	with	basic	concepts	and	moves	on	to	combination	of	events,	dependent	events	and	random	variables.	He	then	covers	Bernoulli	trials	and	the	De	Moivre-Laplace	theorem,	which	involve	three	important	probability	distributions	(binomial,	Poisson,	and	normal	or	Gaussian).	The	last	three	chapters	are	devoted	to	limit	theorems,	a	detailed
treatment	of	Markov	chains,	continuous	Markov	processes.	Also	included	are	appendixes	on	information	theory,	game	theory,	branching	processes,	and	problems	of	optimal	control.	Each	of	the	eight	chapters	and	four	appendixes	has	been	equipped	with	numerous	relevant	problems	(150	of	them),	many	with	hints	and	answers.	This	volume	is	another
in	the	popular	series	of	fine	translations	from	the	Russian	by	Richard	A.	Silverman.	Dr.	Silverman,	a	former	member	of	the	Courant	Institute	of	Mathematical	Sciences	of	New	York	University	and	the	Lincoln	Laboratory	of	the	Massachusetts	Institute	of	Technology,	is	himself	the	author	of	numerous	papers	on	applied	probability	theory.	He	has	heavily
revised	the	English	edition	and	added	new	material.	The	clear	exposition,	the	ample	illustrations	and	problems,	the	cross-references,	index,	and	bibliography	make	this	book	useful	for	self-study	or	the	classroom.Reprint	of	Introductory	Probability	Theory,	1969	edition.AvailabilityUsually	ships	in	24	to	48	hoursISBN	100486635449ISBN
139780486635446Author/EditorY.	A.	RozanovFormatBookPage	Count160Dimensions5	1/2	x	8	1/2Page	2For	centuries,	humans	lived	with	the	“uncertainties”	of	everyday	life,	unaware	of	probability	theory	and	how	it	might	be	applied	to	the	solution	of	simple	problems	of	daily	living	or	used	to	study	the	laws	of	nature.	It	was	not	until	the	advent	of	the
scientific	method	with	its	emphasis	on	observation	and	experimentation	that	people	began	to	think	about	the	role	probability	might	play	in	areas	of	life	that	once	seemed	ruled	by	blind	chance.	Today,	of	course,	probability	theory	is	the	basis	of	statistics	and	game	theory,	and	can	be	immensely	useful	to	anyone	engaged	in	business,	the	social	and
physical	sciences,	and	many	other	areas	of	endeavor.This	volume	demonstrates	that	the	study	of	probability	can	be	fun,	challenging,	and	relevant	—	both	to	daily	life	and	to	modern	scientific	thought.	Lucid,	well-written	chapters	introduce	the	reader	to	the	concept	of	possibilities,	including	combinations	and	permutations;	probabilities,	expectations
(utility,	decision	making,	more),	events,	rules	of	probability,	conditional	probabilities,	probability	distributions,	the	law	of	large	numbers,	including	Chebyshev’s	theorem,	and	more.Numerous	exercises	throughout	the	text	are	designed	to	reinforce	the	methods	and	ideas	explained	in	the	book.	Answers	to	the	odd-numbered	exercises	are	provided.	A
bibliography	and	summary	round	out	this	valuable	introduction	that	will	be	of	great	help	to	anyone	engaged	in	business,	social	sciences,	statistical	work,	game	theory,	or	just	the	business	of	living.Reprint	of	the	Dickenson	Publishing	Company,	Inc.,	Encino,	CA,	1973	edition.A	solutions	manual	to	accompany	this	text	is	available	for	free	download.	Click
here	to	download	PDF	version	now.AvailabilityUsually	ships	in	24	to	48	hoursISBN	100486675491ISBN	139780486675497Author/EditorJohn	E.	FreundFormatBookPage	Count272Dimensions5	1/2	x	8	1/2Page	3Excellent	basic	text	covers	set	theory,	probability	theory	for	finite	sample	spaces,	binomial	theorem,	probability	distributions,	means,
standard	deviations,	probability	function	of	binomial	distribution,	and	other	key	concepts	and	methods	essential	to	a	thorough	understanding	of	probability.	Designed	for	use	by	math	or	statistics	departments	offering	a	first	course	in	probability.	360	illustrative	problems	with	answers	for	half.	Only	high	school	algebra	needed.	Chapter
bibliographies.Reprint	of	the	Prentice-Hall,	Inc.,	Englewood	Cliffs,	NJ,	1960	edition.AvailabilityUsually	ships	in	24	to	48	hoursISBN	100486652521ISBN	139780486652528Author/EditorSamuel	GoldbergFormatBookPage	Count350Dimensions5	3/8	x	8	1/2Page	4"The	best	book	available	for	non-mathematicians."	—	Contemporary	Psychology.This	book
represents	the	earliest	clear,	detailed,	precise	exposition	of	the	central	ideas	and	results	of	game	theory	and	related	decision-making	models	—	unencumbered	by	technical	mathematical	details.	It	offers	a	comprehensive,	time-tested	conceptual	introduction,	with	a	social	science	orientation,	to	a	complex	of	ideas	related	to	game	theory	including
decision	theory,	modern	utility	theory,	the	theory	of	statistical	decisions,	and	the	theory	of	social	welfare	functions.	The	first	three	chapters	provide	a	general	introduction	to	the	theory	of	games	including	utility	theory.	Chapter	4	treats	two-person,	zero-sum	games.	Chapters	5	and	6	treat	two-person,	nonzero-sum	games	and	concepts	developed	in	an
attempt	to	meet	some	of	the	deficiencies	in	the	von	Neumann-Morgenstern	theory.	Chapters	7–12	treat	n-person	games	beginning	with	the	von	Neumann-Morgenstern	theory	and	reaching	into	many	newer	developments.	The	last	two	chapters,	13	and	14,	discuss	individual	and	group	decision	making.	Eight	helpful	appendixes	present	proofs	of	the
famous	minimax	theorem,	several	geometric	interpretations	of	two-person	zero-sum	games,	solution	procedures,	infinite	games,	sequential	compounding	of	games,	and	linear	programming.	Thought-provoking	and	clearly	expressed,	Games	and	Decisions:	Introduction	and	Critical	Survey	is	designed	for	the	non-mathematician	and	requires	no
advanced	mathematical	training.	It	will	be	welcomed	by	economists	concerned	with	economic	theory,	political	scientists	and	sociologists	dealing	with	conflict	of	interest,	experimental	psychologists	studying	decision	making,	management	scientists,	philosophers,	statisticians,	and	a	wide	range	of	other	decision-makers.	It	will	likewise	be	indispensable
for	students	in	courses	in	the	mathematical	theory	of	games	and	linear	programming.Reprint	of	the	JohnWiley	and	Sons,	New	York,	1957	edition.AvailabilityUsually	ships	in	24	to	48	hoursISBN	100486659437ISBN	139780486659435Author/EditorR.	Duncan	Luce,	Howard	RaiffaFormatBookPage	Count544Dimensions5	1/2	x	8	1/2Page	5	Add	to
WishlistThis	volume	features	a	complete	set	of	problems,	hints,	and	solutions	based	on	Stanford	University's	well-known	competitive	examination	in	mathematics.	It	offers	high	school	and	college	students	an	excellent	mathematics	workbook	of	rigorous	problems	that	will	assist	in	developing	and	cultivating	their	logic	and	probability	skills.These	20
sets	of	intriguing	problems	test	originality	and	insight	rather	than	routine	competence.	They	involve	theorizing	and	verifying	mathematical	facts;	examining	the	results	of	general	statements;	discovering	that	highly	plausible	conjectures	can	be	incorrect;	solving	sequences	of	subproblems	to	reveal	theory	construction;	and	recognizing	"red	herrings,"
in	which	obvious	relationships	among	the	data	prove	irrelevant	to	solutions.	Hints	for	each	problem	appear	in	a	separate	section,	and	a	final	section	features	solutions	that	outline	the	appropriate	procedures.Ideal	for	teachers	seeking	challenging	practice	math	problems	for	their	gifted	students,	this	book	will	also	help	students	prepare	for
mathematics,	science,	and	engineering	programs.	Mathematics	buffs	of	all	ages	will	also	find	it	a	source	of	captivating	challenges.Reprint	of	the	Teachers	College	Press,	New	York,	1974	edition.AvailabilityUsually	ships	in	24	to	48	hoursISBN	100486469247ISBN	139780486469249Author/EditorGeorge	Polya,	Jeremy	KilpatrickFormatBookPage
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Probability	and	Relative	Frequency	Consider	the	simple	experiment	of	tossing	an	unbiased	coin.	This	experiment	has	two	mutually	exclusive	outcomes,	namely	"heads"	and	"tails."	The	various	factors	influencing	the	outcome	of	the	experiment	are	too	numerous	to	take	into	account,	at	least	if	the	coin	tossing	is	"fair."	Therefore	the	outcome	of	the
experiment	is	said	to	be	"random."	Everyone	would	certainly	agree	that	the	"probability	of	getting	heads"	and	the	"probability	of	getting	tails"	both	equal	J.	Intuitively,	this	answer	is	based	on	the	idea	that	the	two	outcomes	are	"equally	likely"	or	"equiprobable,"	because	of	the	very	nature	of	the	experiment.	But	hardly	anyone	will	bother	at	this	point	to
clarify	just	what	he	means	by	"probability."	Continuing	in	this	vein	and	taking	these	ideas	at	face	value,	consider	an	experiment	with	a	finite	number	of	mutually	exclusive	outcomes	which	are	equiprobable,	i.e.,	"equally	likely	because	of	the	nature	of	the	experiment."	Let	A	denote	some	event	associated	with	the	possible	outcomes	of	the	experiment.
Then	the	probability	P(A)	of	the	event	A	is	defined	as	the	fraction	of	the	outcomes	in	which	A	occurs.	More	exactly,	P(A)	=	NNA)	where	N	is	the	total	number	of	outcomes	of	the	experiment	and	N(A)	is	the	number	of	outcomes	leading	to	the	occurrence	of	the	event	A.	Example	1.	In	tossing	a	well-balanced	coin,	there	are	N	=	2	mutually	exclusive
equiprobable	outcomes	("heads"	and	"tails").	Let	A	be	either	of	I	2	CHAP.	I	BASIC	CONCEPTS	these	two	outcomes.	Then	N(A)	It,	and	hence	P(A)	=	2	Example	2.	In	throwing	a	single	unbiased	die,	there	are	N	=	6	mutually	exclusive	equiprobable	outcomes,	namely	getting	a	number	of	spots	equal	to	each	of	the	numbers	I	through	6.	Let	A	be	the	event
consisting	of	getting	an	even	number	of	spots.	Then	there	are	N(A)	=	3	outcomes	leading	to	the	occurrence	of	A	(which	ones?),	and	hence	P(A)	==	3	6	1	=2	Example	3.	In	throwing	a	pair	of	dice,	there	are	N	=	36	mutually	exclusive	equiprobable	events,	each	represented	by	an	ordered	pair	(a,	b),	where	a	is	the	number	of	spots	showing	on	the	first	die
and	b	the	number	showing	on	the	second	die.	Let	A	be	the	event	that	both	dice	show	the	same	number	of	spots.	Then	A	occurs	whenever	a	=	b,	i.e.,	n(A)	=	6.	Therefore	6	1	P(A)	==36=6	Remark.	Despite	its	seeming	simplicity,	formula	(1.1)	can	lead	to	nontrivial	calculations.	In	fact,	before	using	(1.1)	in	a	given	problem,	we	must	find	all	the
equiprobable	outcomes,	and	then	identify	all	those	leading	to	the	occurrence	of	the	event	A	in	question.	The	accumulated	experience	of	innumerable	observations	reveals	a	remarkable	regularity	of	behavior,	allowing	us	to	assign	a	precise	meaning	to	the	concept	of	probability	not	only	in	the	case	of	experiments	with	equiprobable	outcomes,	but	also	in
the	most	general	case.	Suppose	the	experiment	under	consideration	can	be	repeated	any	number	of	times,	so	that,	in	principle	at	least,	we	can	produce	a	whole	series	of	"independent	trials	under	identical	conditions,"'	in	each	of	which,	depending	on	chance,	a	particular	event	A	of	interest	either	occurs	or	does	not	occur.	Let	n	be	the	total	number	of
experiments	in	the	whole	series	of	trials,	and	let	n(A)	be	the	number	of	experiments	in	which	A	occurs.	Then	the	ratio	n(A)	n	is	called	the	relative	frequency	of	the	event	A	(in	the	given	series	of	trials).	It	turns	out	that	the	relative	frequencies	n(A)ln	observed	in	different	series	of	'	Concerning	the	notion	of	independence,	see	Sec.	6,	in	particular
footnote	2,	p.	31.	BASIC	CONCEPTS	SEC.	I	3	trials	are	virtually	the	same	for	large	n,	clustering	about	some	constant	P(A)	^	n(A)	(1.2)	n	called	the	probability	of	the	event	A.	More	exactly,	(1.2)	means	that	P(A)	=	lim	n(A)	(1.3)	.	n-m	n	Roughly	speaking,	the	probability	P(A)	of	the	event	A	equals	the	fraction	of	experiments	leading	to	the	occurrence	of	A
in	a	large	series	of	trials.2	Example	4.	Table	l	shows	the	results	of	a	series	of	10,000	coin	tosses,3	grouped	into	100	different	series	of	n	=	100	tosses	each.	In	every	case,	the	table	shows	the	number	of	tosses	n(A)	leading	to	the	occurrence	of	a	head.	It	is	clear	that	the	relative	frequency	of	occurrence	of	"heads"	in	each	set	of	100	tosses	differs	only
slightly	from	the	probability	P(A)	=	j	found	in	Example	1.	Note	that	the	relative	frequency	of	occurrence	of	"heads"	is	even	closer	to	j	if	we	group	the	tosses	in	series	of	1000	tosses	each.	Table	1.	Number	of	heads	in	a	series	of	coin	tosses	Number	of	heads	in	10	series	of	1000	trials	each'	Number	of	heads	in	100	series	of	100	trials	each	46	46	52	60	53
55	40	53	46	49	58	51	51	54	55	50	48	49	51	51	50	45	49	52	45	41	51	53	47	52	47	46	46	52	45	47	41	51	44	52	49	44	47	59	54	48	43	58	52	48	54	41	53	501	48	48	54	51	49	50	48	53	52	50	53	45	49	47	57	52	55	52	50	53	41	48	47	51	55	53	51	47	50	48	46	47	485	509	536	485	51	48	59	57	46	45	50	54	51	52	55	39	59	48	41	488	500	497	494	484	Example	5
(De	Merc's	paradox).	As	a	result	of	extensive	observation	of	dice	games,	the	French	gambler	de	Mere	noticed	that	the	total	number	of	spots	showing	on	three	dice	thrown	simultaneously	turns	out	to	be	11	(the	event	Al)	more	often	than	it	turns	out	to	be	12	(the	event	A2),	although	from	his	point	of	view	both	events	should	occur	equally	often.	De	Mere
2	For	a	more	rigorous	discussion	of	the	meaning	of	(1.2)	and	(1.3),	see	Sec.	12	on	the	"law	of	large	numbers."	'	Table	1	is	taken	from	W.	Feller,	An	Introduction	to	Probability	Theory	and	Its	Applications,	Volume	I,	third	edition,	John	Wiley	and	Sons,	Inc.,	New	York	(1968),	p.	21,	and	actually	stems	from	a	table	of	"random	numbers."	4	Obtained	by
adding	the	numbers	on	the	left,	row	by	row.	4	CHAP.	I	BASIC	CONCEPTS	reasoned	as	follows:	Al	occurs	in	just	six	ways	(6:4:1,	6:3:2,	5:5:1,	5:4:2,	5:3:3,	4:4:3),	and	A2	also	occurs	in	just	six	ways	(6:5:1,	6:4:2,	6:3:3,	5:5:2,	5:4:3,	4:4:4).	Therefore	Al	and	A2	have	the	same	probability	P(A1)	=	P(A2).	The	fallacy	in	this	argument	was	found	by	Pascal,	who
showed	that	the	outcomes	listed	by	de	Mere	are	not	actually	equiprobable.	In	fact,	one	must	take	account	not	only	of	the	numbers	of	spots	showing	on	the	dice,	but	also	of	the	particular	dice	on	which	the	spots	appear.	For	example,	numbering	the	dice	and	writing	the	number	of	spots	in	the	corresponding	order,	we	find	that	there	are	six	distinct
outcomes	leading	to	the	combination	6:4:	1,	namely	(6,	4,	1),	(6,	1,	4),	(4,	6,	1),	(4,	1,	6),	(1,	6,	4)	and	(1,	4,	6),	whereas	there	is	only	one	outcome	leading	to	the	combination	4:4:4,	namely	(4,	4,	4).	The	appropriate	equiprobable	outcomes	are	those	described	by	triples	of	numbers	(a,	b,	c),	where	a	is	the	number	of	spots	on	the	first	die,	b	the	number	of
spots	on	the	second	die,	and	c	the	number	of	spots	on	the	third	die.	It	is	easy	to	see	that	there	are	then	precisely	N	=	63	=	216	equiprobable	outcomes.	Of	these,	N(A1)	=	27	are	favorable	to	the	event	Al	(in	which	the	sum	of	all	the	spots	equals	11),	but	only	N(A2)	=	25	are	favorable	to	the	event	A2	(in	which	the	sum	of	all	the	spots	equals	12).5	This
fact	explains	the	tendency	observed	by	de	Mere	for	11	spots	to	appear	more	often	than	12.	2.	Rudiments	of	Combinatorial	Analysis	Combinatorial	formulas	are	of	great	use	in	calculating	probabilities.	We	now	derive	the	most	important	of	these	formulas.	THEOREM	1.1.	Given	n1	elements	a1,	a2,	.	.	.	,	a,,	and	n2	elements	b1,	....	b,n,,	there	are	precisely
n1n2	distinct	ordered	pairs	(a1,	b)	containbz,	Y	ing	one	element	of	each	kind.	bn2	Proof.	Represent	the	elements	of	the-	first	kind	by	points	of	the	x-axis,	and	those	of	the	second	kind	by	points	of	the	y-axis.	Then	the	possible	pairs	b2	(a;,	b1)	are	points	of	a	rectangular	lattice	in	the	xy-plane,	as	shown	in	b,	1	01	I	02	...	FIGURE	1.	.x	I	o/7	)	Figure	1.	The
fact	that	there	are	JUL	snln2	Suc	h	pai	rs	I	s	ob	v)ous	from	the	figure.	16	'	To	see	this,	note	that	a	combination	a:	b:c	occurs	in	6	distinct	ways	if	a,	b	and	c	are	distinct,	in	3	distinct	ways	if	two	(and	only	two)	of	the	numbers	a,	b	and	c	are	distinct,	and	in	only	1	way	if	a	=	b	=	c.	Hence	Al	occurs	in	6	+	6	+	3	+	6	+	3	+	3	=	27	ways,	while	A.	occurs
in6+6+3+3+6+	1	=25	ways.	B	The	symbol	I	stands	for	Q.E.D.	and	indicates	the	end	of	a	proof.	SEC.	2	BASIC	CONCEPTS	5	More	generally,	we	have	Given	n1	elements	a1,	a2,	...	,	a,,l,	n2	elements	b1,	etc.,	up	to	n,	elements	x1,	x2i	...	,	there	are	precisely	nr	distinct	ordered	r-tuples	(ail,	bit,	.	.	.	,	xi)	containing	one	THEOREM	1.2.	b2,	...	,	nln2	element
of	each	kind.?	Proof.	For	r	=	2,	the	theorem	reduces	to	Theorem	1.1.	Suppose	the	theorem	holds	for	r	-	1,	so	that	in	particular	there	are	precisely	nr	(r	-	1)-tuples	(b,2,	.	.	.	,	xi)	containing	one	element	of	each	n2	kind.	Then,	regarding	the	(r	-	1)-tuples	as	elements	of	a	new	kind,	we	note	that	each	r-tuple	(ail,	b,1,	...	,	xi)	can	be	regarded	as	made	up	of	a
(r	-	1)-tuple	(bit,	.	.	.	,	xi)	and	an	element	ail.	Hence,	by	Theorem	1.1,	there	are	precisely	nt(n2	...	n.)	=	nln2	...	nr	r-tuples	containing	one	element	of	each	kind.	The	theorem	now	follows	for	all	r	by	mathematical	induction.	I	Example	1.	What	is	the	probability	of	getting	three	sixes	in	a	throw	of	three	dice?	Solution.	Let	a	be	the	number	of	spots	on	the
first	die,	b	the	number	of	spots	on	the	second	die,	and	c	the	number	of	spots	on	the	third	die.	Then	the	result	of	throwing	the	dice	is	described	by	an	ordered	triple	(a,	b,	c),	where	each	element	takes	values	from	1	to	6.	Hence,	by	Theorem	1.2	with	r	=	3	and	n1	=	n2	=	n3	=	6,	there	are	precisely	N	=	63	=	216	equiprobable	outcomes	of	throwing	three
dice	(this	fact	was	anticipated	in	Example	5,	p.	3).	Three	sixes	can	occur	in	only	-one	way,	i.e.,	when	a	=	b	=	c	=	6.	Therefore	the	probability	of	getting	three	sixes	is	1'1-9.	Example	2	(Sampling	with	replacement).	Suppose	we	choose	r	objects	in	succession	from	a	"population"	(i.e.,	set)	of	n	distinct	objects	a1,	a2,	...	a,,,	in	such	a	way	that	after	choosing
each	object	and	recording	the	choice,	we	return	the	object	to	the	population	before	making	the	next	choice.	This	gives	an	"ordered	sample"	of	the	form	(ail,	ai......	ai).	Setting	n1	=	n2	=	(1.4)	=	nr	=	n	in	Theorem	1.2,	we	find	that	there	are	precisely	N	=	nr	(1.5)	distinct	ordered	samples	of	the	form	(1.4).'	'	Two	ordered	r-tuples	(ail,	b,1i	..	,	x,)	and	(a;,,
bfg,	..	,	x;,)	are	said	to	be	distinct	if	the	elements	of	at	least	one	pair	a;,	and	a;,,	b,2	and	b,2,	...	,	ai,	and	b;,	are	distinct.	8	Two	"ordered	samples"	(ail,	a,2,	..	,	a;,)	and	(a,,,	a18,	..	,	a,,)	are	said	to	be	distinct	if	a,,	a,,	for	at	least	one	k	=	1	,	2,	...	,	r.	This	is	a	special	case	of	the	definition	in	footnote	7.	6	CHAP.	I	BASIC	CONCEPTS	Example	3	(Sampling
without	replacement).	Next	suppose	we	choose	r	objects	in	succession	from	a	population	of	n	distinct	objects	a1,	a2,	...	,	an,	in	such	a	way	that	an	object	once	chosen	is	removed	from	the	population.	Then	we	again	get	an	ordered	sample	of	the	form	(1.4),	but	now	there	are	n	-	I	objects	left	after	the	first	choice,	n	-	2	objects	left	after	the	second	choice,
and	so	on.	Clearly	this	corresponds	to	setting	n1=n,	n2=n--	1,...,	nr=n	-	r+	1	in	Theorem	1.2.	Hence,	instead	of	n"	distinct	samples	as	in	the	case	of	sampling	with	replacement,	there	are	now	only	(1.6)	distinct	samples.	If	r	=	n,	then	(1.6;)	reduces	to	(1.7)	the	total	number	of	permutations	of	n	objects.	Example	4.	Suppose	we	place	r	distinguishable
objects	into	n	different	"cells"	(r	c	n),	with	no	cell	allowed	to	contain	more	than	one	object.	Numbering	both	the	objects	and	the	cells,	let	i1	be	the	number	of	the	cell	into	which	the	first	object	is	placed,	i2	the	number	of	the	cell	into	which	the	second	object	is	placed,	and	so	on.	Then	the	arrangement	of	the	objects	in	the	cells	is	described	by	an	ordered
r-tuple	(i1,	i2,	...	,	ir).	Clearly,	there	are	n1	=	n	empty	cells	originally,	n2	=	n	-	1	empty	cells	after	one	cell	has	been	occupied,	n.	=	n	-	2	empty	cells	after	two	cells	have	been	occupied,	and	so	on.	Hence,	the	total	number	of	distinct	arrangements	of	the	objects	in	the	cells	is	again	given	by	formula	(1.6).	Example	5.	A	subway	train	made	up	of	n	cars	is
boarded	by	r	passengers	(r	<	n),	each	entering	a	car	completely	at	random.	What	is	the	probability	of	the	passengers	all	ending	up	in	different	cars?	Solution.	By	hypothesis,	every	car	has	the	same	probability	of	being	entered	by	a	given	passenger.	Numbering	both	the	passengers	and	the	cars,	let	i1	be	the	number	of	the	car	entered	by	the	first
passenger,	i2	the	number	of	the	car	entered	by	the	second	passenger,	and	so	on.	Then	the	arrangement	of	the	passengers	in	the	cars	is	described	by	an	ordered	r-tuple	(i1,	i2,	...	,	ir),	where	each	of	the	numbers	i1i	i2,	...	,	it	can	range	from	1	to	n.	This	is	equivalent	to	sampling	with	replacement,	and	hence,	by	Example	2,	there	are	N	_=	nr	distinct
equiprobable	arrangements	of	the	passengers	in	the	cars.	Let	A	be	the	event	that	"no	more	than	one	passenger	enters	any	car."	Then	A	occurs	if	and	only	if	all	the	numbers	i1,	i2i	...	,	it	are	distinct.	In	other	SEC.	2	BASIC	CONCEPTS	7	words,	if	A	is	to	occur,	the	first	passenger	can	enter	one	of	n	cars,	but	the	second	passenger	can	only	enter	one	of	n	-
1	cars,	the	third	passenger	one	of	n	-	2	cars,	and	so	on.	This	is	equivalent	to	sampling	without	replacement,	and	hence,	by	Example	3,	there	are	N(A)=n(n-1)-	(n-r+1)	arrangements	of	passengers	in	the	cars	leading	to	the	occurrence	of	A.	Therefore,	by	(1.1),	the	probability	of	A	occurring,	i.e.,	of	the	passengers	all	ending	up	in	different	cars,	is	just
p(A)-n(n-1)...(n-r+l).	n''	Any	set	of	r	elements	chosen	from	a	population	of	n	elements,	without	regard	for	order,	is	called	a	subpopulation	of	size	r	of	the	original	population.	The	number	of	such	subpopulations	is	given	by	THEOREM	1.3.	A	population	of	n	elements	has	precisely	Cn	=	n	I.	(1.8)	r!	(n	-	r)!	subpopulations	of	size	r	<	n.	Proof.	If	order
mattered,	then	the	elements	of	each	subpopulation	could	be	arranged	in	r!	distinct	ways	(recall	Example	3).	Hence	there	are	r!	times	more	"ordered	samples"	of	r	elements	than	subpopulations	of	size	r.	But	there	are	precisely	n(n	-	1)	.	.	(n	-	r	+	1)	such	ordered	samples	(by	Example	3	again),	and	hence	just	n!	1)	r!	(n	-	r)!	r!	subpopulations	of	size	r.
Remark.	An	expression	of	the	form	(1.8)	is	called	a	binomial	coefficient,	often	denoted	by	(n)	:	instead	of	C,'	.	The	number	CT	is	sometimes	called	the	number	of	combinations	of	n	things	taken	r	at	a	time	(without	regard	for	order).	The	natural	generalization	of	Theorem	1.3	is	given	by	THEOREM	1.4.	Given	a	population	of	n	elements,	let	nI,	n2,	...	,	nk
be	positive	integers	such	that	nl+ns+...+.nk=n.	8	BASIC	CONCEPTS	CHAP.	Then	there	are	precisely	ni!	N	==n1!	--	n2!	...	n,!	(1.9)	ways	of	partitioning	the	population	into	k	subpopulations,	of	sizes	n1,	n2,	...	,	nk,	respectively.	Proof.	The	order	of	the	subpopulations	matters	in	the	sense	that	(say)	nl	=	2,	n2=4,n3,	...	,	nk	and	n1	=	4,	n2	=	2,	n3,	...	,	nk
represent	different	partitions,	but	the	order	of	elements	within	the	subpopulations	themselves	is	irrelevant.	The	partitioning	can	be	effected	in	stages,	as	follows:	First	we	form	a	group	of	n1	elements	from	the	original	population.	This.can	be	done	in	N1	=	Q1	ways.	Then	we	form	a	group	of	n2	elements	from	the	remaining	n	-	nl	elements.	This	can	be
done	in	N	2	'=	Cn-nl	n2	ways.	Proceeding	in	this	fashion,	we	are	left	with	n	-	n1	-	nk-2	=	nk-1	+	nk	elements	after	k	-	2	stages.	These	elements	can	be	partitioned	into	two	groups,	one	containing	nk__1	elements	and	the	other	nk	elements,	in	n-nl-...-nk-2	Nk_1	=	C	nk_1	ways.	Hence,	by	Theorem	1.2,	there	are	N	=	N1N2	...	Nk-1	=	Cn,CnY	nl	.	.	Cnk	li-...-
nk-2	distinct	ways	of	partitioning	the	given	population	into	the	indicated	k	subpopulations.	But	Cnn1Cne	nl	...	Cnk	nl-..._nk_l	n	n-1	...	(n	-	n1)!	n!	n1!	(n	-	n1)!	n2!	(n	-	n1	-	n2)!	(n-n1)!	n!	n1!	(n	-	n1)!	n2!	(n	-	n1	--	n2)!	(n	-	n1	-	...	-	nk-2)!	nk_1!	(n	-	n1-	...	...	n!	n1!n2!...nk!	in	keeping	with	(1.9).	Remark.	Theorem	1.4	reduces	to	Theorem	1.3	if	k	=	2,	nk_2	-
nk_1)!	(n-n1-...-nk-2)i	nk-1!	nk!	n1==r,	n2=n-r.	SEC.	2	BASIC	CONCEPTS	9	The	numbers	(1.9)	are	called	multinomial	coefficients,	and	generalize	the	binomial	coefficients	(1.8).	Example	6	(Quality	control).	A	batch	of	100	manufactured	items	is	checked	by	an	inspector,	who	examines	10	items	selected	at	random.	If	none	of	the	10	items	is	defective,	he
accepts	the	whole	batch.	Otherwise,	the	batch	is	subjected	to	further	inspection.	What	is	the	probability	that	a	batch	containing	10	defective	items	will	be	accepted?	Solution.	The	number	of	ways	of	selecting	10	items	out	of	a	batch	of	100	items	equals	the	number	of	combinations	of	100	things	taken	10	at	a	time,	and	is	just	100!	N	=	C1000	=	10!	90!
By	hypothesis,	these	combinations	are	all	equiprobable	(the	items	being	selected	"at	random").	Let	A	be	the	event	that	"the	batch	of	items	is	accepted	by	the	inspector."	Then	A	occurs	whenever	all	10	items	belong	to	the	set	of	90	items	of	acceptable	quality.	Hence	the	number	of	combinations	favorable	to	A	is	-	10!90!80!	N(A)	=	C10	0	=	It	follows
from	(1.1)	that	the	probability	of	the	event	A,	i.e.,	of	the	batch	being	accepted,	equals9	P(A)	_	N(A)	_	90!	90!	_	81.82	N	80!	100!	91	.	92	90	100	ti	1	_	1	(	10N	1	e	10)	where	e	=	2.718	...	is	the	base	of	the	natural	logarithms.	Example	7.	What	is	the	probability	that	two	playing	cards	picked	at	random	from	a	full	deck	are	both	aces?	Solution.	A	full	deck
consists	of	52	cards,	of	which	4	are	aces.	There	are	C12	=	52!	2!	50!	=	1326	ways	of	selecting	a	pair	of	cards	from	the	deck.	Of	these	1326	pairs,	there	are	Cz=	==6	i	2!	2!	The	symbol	Pj	means	"is	approximately	equal	to."	10	CHAP.	1	BASIC	CONCEPTS	consisting	of	two	aces.	Hence	the	probability	of	picking	two	aces	is	just	_	C4	_	6	C22	1326	1	221
Example	8.	What	is	the	probability	that	each	of	four	bridge	players	holds	an	ace?	Solution.	Applying	Theorem	1.4	with	n	=	52	and	nl	=	n2	=	n3	=	n4	=	13,	we	find	that	there	are	13!	13!	13!	13!	distinct	deals	of	bridge.	There	are	4!	_=	24	ways	of	giving	an	ace	to	each	player,	and	then	the	remaining	48	cards	can	be	dealt	out	in	48!	12!	12!	12!	12!
distinct	ways.	Hence	there	are	24	4	=	(12!)4	distinct	deals	of	bridge	such	that	each	player	receives	an	ace.	Therefore	the	probability	of	each	player	receiving	an	ace	is	just	24	48!	(13!)4	(12!)4	Remark.	_	24(13)4	52!	-52.51.50.49	ti	0.105.	Most	of	the	above	formulas	contain	the	quantity	2-	1,	called	n	factorial.	For	large	n,	it	can	be	shown	that'°	n!	vI2irn
n'e	".	This	simple	asymptotic	representation	of	n!	is	known	as	Stirling's	formula."	PROBLEMS	1.	A	four-volume	work	is	placed	in	random	order	on	a	bookshelf.	What	is	the	probability	of	the	volumes	being	in	proper	order	from	left	to	right	or	from	right	to	left?	10	The	symbol	-	between	two	variables	o.,,	and	P.	means	that	the	ratio	n-	00.	1	as	11	Proved,
for	example,	in	D.	V.	Widder,	Advanced	Calculus,	second	edition,	PrenticeHall,	Inc.,	Englewood	Cliffs,	N.J.	(1961),	p.	386.	PROBLEMS	BASIC	CONCEPTS	11	2.	A	wooden	cube	with	painted	faces	is	sawed	up	into	1000	little	cubes,	all	of	the	same	size.	The	little	cubes	are	then	mixed	up,	and	one	is	chosen	at	random	What	is	the	probability	of	its	having
just	2	painted	faces?	Ans.	0.096.	3.	A	batch	of	n	manufactured	items	contains	k	defective	items.	Suppose	m	items	are	selected	at	random	from	the	batch.	What	is	the	probability	that	I	of	these	items	are	defective?	4.	Ten	books	are	placed	in	random	order	on	a	bookshelf.	Find	the	probability	of	three	given	books	being	side	by	side.	Ans.	i	6.	5.	One
marksman	has	an	80%	probability	of	hitting	a	target,	while	another	has	only	a	70	%	probability	of	hitting	the	target.	What	is	the	probability	of	the	target	being	hit	(at	least	once)	if	both	marksman	fire	at	it	simultaneously?	Ans.	0.94.	6.	Suppose	n	people	sit	down	at	random	and	independently	of	each	other	in	an	auditorium	containing	n	+	k	seats.	What
is	the	probability	that	m	seats	specified	in	advance	(m	<	n)	will	be	occupied?	7.	Three	cards	are	drawn	at	random	from	a	full	deck.	What	is	the	probability	of	getting	a	three,	a	seven	and	an	ace?	8.	What	is	the	probability	of	being	able	to	form	a	triangle	from	three	segments	chosen	at	random	from	five	line	segments	of	lengths	1,	3,	5,	7	and	9?	Hint.	A
triangle	cannot	be	formed	if	one	segment	is	longer	than	the	sum	of	the	other	two.	9.	Suppose	a	number	from	1	to	1000	is	selected	at	random.	What	is	the	probability	that	the	last	two	digits	of	its	cube	are	both	1	?	Hint	There	is	no	need	to	look	through	a	table	of	cubes.	Ans.	0.01.	10.	Find	the	probability	that	a	randomly	selected	positive	integer	will	give
a	number	ending	in	I	if	it	is	a)	Squared;	b)	Raised	to	the	fourth	power;	c)	Multiplied	by	an	arbitrary	positive	integer.	Hint.	It	is	enough	to	consider	one-digit	numbers.	Ans.	a)	0.2;	b)	0.4;	c)	0.04.	11.	One	of	the	numbers	2,	4,	6,	7,	8,	11,	12	and	13	is	chosen	at	random	as	the	numerator	of	a	fraction,	and	then	one	of	the	remaining	numbers	is	chosen	at
random	as	the	denominator	of	the	fraction.	What	is	the	probability	of	the	fraction	being	in	lowest	terms?	Ans.	A.	12.	The	word	"drawer"	is	spelled	with	six	scrabble	tiles.	The	tiles	are	then	randomly	rearranged.	What	is	the	probability	of	the	rearranged	tiles	spelling	the	word	"reward?"	Ans.	a	b.	12	CHAP.	I	BASIC	CONCEPTS	13.	In	throwing	6n	dice,
what	is	the	probability	of	getting	each	face	n	times?	Use	Stirling's	formula	to	estimate	this	probability	for	large	n.	14.	A	full	deck	of	cards	is	divided	in	half	at	random.	Use	Stirling's	formula	to	estimate	the	probability	that	each	half	contains	the	same	number	of	red	and	black	cards.	Ans.	C13C13	52	C26	2	0.22.	V'26n	15.	Use	Stirling's	formula	to
estimate	the	probability	that	all	50	states	are	represented	in	a	committee	of	50	senators	chosen	at	random.	16.	Suppose	2n	customers	stand	in	line	at	a	box	office,	n	with	5-dollar	bills	and	n	with	10-dollar	bills.	Suppose	each	ticket	costs	5	dollars,	and	the	box	office	has	no	money	initially.	What	is	the	probability	that	none	of	the	customers	has	to	wait	for
change?12	17.	Prove	that	((,	)2	=	C2n	k=0	Hint.	Use	the	binomial	theorem	to	calculate	the	coefficient	of	x"	in	the	product	(i	+	X)"(1	+	X)"	=	(1	+	X)211.	'a	A	detailed	solution	is	given	in	B.	V.	Gnedenko,	The	Theory	of	Probability,	fourth	edition	(translated	by	B.	D.	Seckler),	Chelsea	Publishing	Co.,	New	York	(1967),	p.	43.	Ans.	C""	_	C2fl	C.2	ft	1	n+1	2
COMBINATION	OF	EVENTS	3.	Elementary	Events.	The	Sample	Space	The	mutually	exclusive	outcomes	of	a	random	experiment	(like	throwing	a	pair	of	dice)	will	be	called	elementary	events	(or	sample	points),	and	a	typical	elementary	event	will	be	denoted	by	the	Greek	letter	w.	The	set	of	all	elementary	events	w	associated	with	a	given	experiment
will	be	called	the	sample	space	(or	space	of	elementary	events),	denoted	by	the	Greek	letter	Q.	An	event	A	is	said	to	be	"associated	with	the	elementary	events	of	S2"	if,	given	any	w	in	S2,	we	can	always	decide	whether	or	not	w	leads	to	the	occurrence	of	A.	The	same	symbol	A	will	be	used	to	denote	both	the	event	A	and	the	set	of	elementary	events
leading	to	the	occurrence	of	A.	Clearly,	an	event	A	occurs	if	and	only	if	one	of	the	elementary	events	w	in	the	set	A	occurs.	Thus,	instead	of	talking	about	the	occurrence	of	the	original	event	A,	we	can	just	as	well	talk	about	the	"occurrence	of	an	elementary	event	w	in	the	set	A."	From	now	on,	we	will	not	distinguish	between	an	event	associated	with	a
given	experiment	and	the	corresponding	set	of	elementary	events,	it	being	understood	that	all	our	events	are	of	the	type	described	by	saying	"one	of	the	elementary	events	in	the	set	A	occurs."	With	this	interpretation,	events	are	nothing	more	or	less	than	subsets	of	some	underlying	sample	space	Q.	Thus	the	certain	(or	sure)	event,	which	always
occurs	regardless	of	the	outcome	of	the	experiment,	is	formally	identical	with	the	whole	space	0,	while	the	impossible	event	is	just	the	empty	set	0,	containing	none	of	the	elementary	events	w.	Given	two	events	A,	and	A2,	suppose	Al	occurs	if	and	only	if	A2	occurs.	Then	Al	and	A2	are	said	to	be	identical	(or	equivalent),	and	we	write	Al	=	A213	14
CHAP.	2	COMBINATION	OF	EVENTS	Example	1.	In	throwing	a	pair	of	dice,	let	A,	be	the	event	that	"the	total	number	of	spots	is	even"	and	A2	the	event	that	"both	dice	turn	up	even	or	both	dice	turn	up	odd."1	Then	Al	==	A2.	Example	2.	In	throwing	three	dice,	let	A,	again	be	the	event	that	"the	total	number	of	spots	is	even"	and	A2	the	event	that	"all
three	dice	have	either	an	even	number	of	spots	or	an	odd	number	of	spots."	Then	A,	=	A2.	Two	events	A,	and	A2	are	said	to	be	mutually	exclusive	or	incompatible	if	the	occurrence	of	one	event	precludes	the	occurrence	of	the	other,	i.e.,	if	A,	and	A2	cannot	occur	simultaneously.	By	the	union	of	two	events	A,	and	A2,	denoted	by	A,	U	A21	we	mean	the
event	consisting	of	the	occurrence	of	at	least	one	of	the	events	A,	and	A2.	The	union	of	several	events	A,,	A2....	is	defined	in	the	same	way,	and	is	denoted	by	U	A,	k	By	the	intersection	of	two	events	A,	and	A2,	denoted	by	A,	n	A2	or	simply	by	A,A2,	we	mean	the	event	consisting	of	the	occurrence	of	both	events	A,	and	A2.	By	the	intersection	of	several
events	A,,	A2,	...	,	denoted	by	n	Ak,	k	we	mean	the	event	consisting	of	the	occurrence	of	all	the	events	A,,	A2,	....	Given	two	events	A,	and	A2,	by	the	difference	A,	-	A2	we	mean	the	event	in	which	A,	occurs	but	not	A2.	By	the	complementary	event	of	an	event	A2	denoted	by	A,	we	mean	the	event	"A	does	not	occur."	Clearly,	A=S2--A.	Example	3.	In
throwing	a	pair	of	dice,	let	A	be	the	event	that	"the	total	number	of	spots	is	even,"	A,	the	event	that	"both	dice	turn	up	even,"	and	A2	the	event	that	"both	dice	turn	up	odd."	Then	A,	and	A2	are	mutually	exclusive,	and	clearly	A=A,	UA2i	A,=A--A2,	A2=A-A,.	Let	A,	Al	and	A2	be	the	events	complementary	to	A,	A,	and	A2,	respectively.	Then	f	is	the	event
that	"the	total	number	of	spots	is	odd,"	A,	the	event	that	"at	least	one	die	turns	up	odd,"	and	A2	the	event	that	"at	least	one	die	turns	up	even."	It	is	easy	to	see	that	A,-A=A,	nA=A2i	A2-A=A2	nA=A,.	The	meaning	of	concepts	like	the	union	of	two	events,	the	intersection	of	two	events,	etc.,	is	particularly	clear	if	we	think	of	events	as	sets	of	elementary
events	w,	in	the	way	described	above.	With	this	interpretation,	I	To	"turn	up	even"	means	to	show	an	even	number	of	spots,	and	similarly	for	to	"turn	up	odd."	2	Synonymously,	the	"complement	of	A"	or	the	"event	complementary	to	A."	SEC.	3	COMBINATION	OF	EVENTS	15	given	events	Al,	A2	and	A,	At	U	A2	is	the	union	of	the	sets	A,	and	A2,	A,	n	A2
is	the	intersection	of	the	sets	A,	and	A2,	A	=	0	-	A	is	the	complement	of	the	set	A	relative	to	the	whole	space	0,	and	so	on.	Thus	the	symbols	U,	n,	etc.	have	their	customary	set-theoretic	meaning.	Moreover,	the	statement	that	"the	occurrence	of	the	event	A,	implies	that	of	the	event	A2"	(or	simply,	"A,	implies	A2")	means	that	A,	c	A2,	i.e.,	that	the	set	A,
is	a	subset	of	the	set	A2.3	(a)	(d)	(b)	(e)	(c)	(f)	(a)	The	events	A,	and	A,	are	mutually	exclusive;	(b)	The	unshaded	figure	represents	the	union	A,	U	A2;	(c)	The	unshaded	figure	represents	the	intersection	A,	n	A2;	(d)	The	unshaded	figure	represents	the	difference	A,	-	A2;	(e)	The	shaded	and	unshaded	events	(A,	and	A2)	are	complements	of	each	other;
FIGURE	2.	(f)	Event	A,	implies	event	A2.	To	visualize	relations	between	events,	it	is	convenient	to	represent	the	sample	space	S2	schematically	by	some	plane	region	and	the	elementary	events	w	by	points	in	this	region.	Then	events,	i.e.,	sets	of	points	co,	become	various	plane	figures.	Thus	Figure	2	shows	various	relations	between	two	events	A,	and
A2,	represented	by	circular	disks	lying	inside	a	rectangle	0,	schematically	representing	the	whole	sample	space.	In	turn,	this	way	of	representing	events	in	terms	of	plane	figures	can	be	used	to	deduce	general	relations	between	events,	e.g.,	a)	If	A,	c	A2,	then	Al	-	A2;	b)	If	A	=	A,	U	A2,	then	A	=	A,	n	A2;	c)	IfA=A,	nA2,then	A=A,VA2.	'The	symbol	c
means	"is	contained	in,"	while	means	"contains."	16	CHAP.	2	COMBINATION	OF	EVENTS	Quite	generally,	given	a	relation	between	various	events,	we	can	get	an	equivalent	relation	by	changing	events	to	their	complements	and	the	symbols	0,	U	and	-	to	n,	U	and	-	(the	sign	=	is	left	alone).	Example	4.	The	following	relations	are	equivalent:	UA,=BC
nCk,	k	k	f1Ak=BD	IICk,	k	k	UAk=BC	Uek.	k	k	Remark.	It	will	henceforth	be	assumed	that	all	events	under	consideration	have	well-defined	probabilities.	Moreover,	it	will	be	assumed	that	all	events	obtained	from	a	given	sequence	of	events	A1,	A2,	...	by	taking	unions,	intersections,	differences	and	complements	also	have	well-defined	probabilities.	4.
The	Addition	Law	for	Probabilities	Consider	two	mutually	exclusive	events	Al	and	A2	associated	with	the	outcomes	of	some	random	experiment,	and	let	A	=	Al	U	A2	be	the	union	of	the	two	events.	Suppose	we	repeat	the	experiment	a	large	number	of	times,	thereby	producing	a	whole	series	of	"independent	trials	under	identical	conditions."	Let	n	be
the	total	number	of	trials,	and	let	n(A1),	n(A2)	and	n(A)	be	the	numbers	of	trials	leading	to	the	events	A1,	A2	and	A,	respectively.	If	A	occurs	in	a	trial,	then	either	Al	occurs	or	A2	occurs,	but	not	both	(since	Al	and	A2	are	mutually	exclusive).	Therefore	n(A)	=	n(A1)	+	n(A2),	and	hence	n(A)	n	=	n(A1)	n	+	n(A2)	n	But	for	sufficiently	large	n,	the	relative
frequencies	n(A)/n,	n(A1)ln	and	n(A2)/n	virtually	coincide	with	the	corresponding	probabilities	P(A),	P(A,)	and	P(A2),	as	discussed	on	p.	3.	It	follows	that	P(A)	=	P(A1)	+	P(A2).	(2.1)	Similarly,	if	the	events	A1,	A2	and	A3	are	mutually	exclusive,	then	so	are	Al	U	A2	and	A3,	and	hence,	by	two	applications	of	(2.1),	P(A1	V	Al	U	Al)	=	P(A,	U	AZ)	+	P(A3)	=
P(A1)	+	P(A2)	+	P(A3)	SEC.	4	COMBINATION	OF	EVENTS	17	More	generally,	given	n	mutually	exclusive	events	A,,	A2,	...	,	A,,,	we	have	the	formula	P	(U	Ak)	_	k=1	=	P(Ak),	(2.2)	k=1	obtained	by	applying	(2.1)	n	-	1	times.	Equation	(2.2)	is	called	the	addition	law	for	probabilities.	Next	we	prove	some	key	relations	involving	probabilities:	THEOREM
2.1.	The	formulas	0	<	P(A)	<	1,	P(A,	-	A2)	=	P(A,)	-	P(A1	n	A2),	P(A2	-	Al)	=	P(A2)	-	P(A,	n	A2),	(2.3)	P(A,	U	A2)	=	P(AI)	+	P(A2)	-	P(A1	n	A2)	(2.6)	(2.4)	(2.5)	hold	for	arbitrary	events	A,	A,	and	A2.	Moreover,	if	A,	c	A2.	P(A1)	<	P(A2)	Proof.	(2.7)	Formula	(2.3)	follows	at	once	from	the	interpretation	of	probability	as	the	limiting	value	of	relative	frequency,
since	obviously	0<	n(A)	n	<	1,	where	n(A)	is	the	number	of	occurrences	of	an	event	A	in	n	trials.'	Given	any	two	events	A,	and	A2,	we	have	A,	=	(A,	-	A2)	U	(A1	n	A2),	A2	=	(A2	-	A1)	U	(A1	A2),	A,	U	A2	=	(A1	-	A2)	U	(A2	-	A1)	u	(A1	n	A2),	where	the	events	A,	-	A2,	A2	-	A,	and	A,	n	A2	are	mutually	exclusive.	Therefore,	by	(2.2),	P(AI)	=	P(A1	-	A2)	+	P(A,	n
A2),	P(A2)	=	P(A2	-	A,)	+	P(A1	n	A2),	P(A1	U	A2)	=	P(A1	-	A2)	+	P(A2	-	A,)	+	P(A,	n	A2).	(2.8)	(2.9)	(2.10)	Formulas	(2.8)	and	(2.9)	are	equivalent	to	(2.4)	and	(2.5).	Then,	using	(2.4)	and	(2.5),	we	can	write	(2.10)	in	the	form	P(A1	v	A2)	=	P(A,)	-	P(A1	n	A2)	+	P(A2)	-P(A,	n	A2)	+	P(A1	n	A2)	=	P(A1)	+	P(A2)	-	P(A1	n	A2),	4	Note	that	P(Q)	=	0,	P(fl)	=	1,
since	n(0)	=	0,	n(t)	=	n	for	all	n.	Thus	the	impossible	event	has	probability	zero,	while	the	certain	event	has	probability	one.	18	CHAP.	2	COMBINATION	OF	EVENTS	thereby	proving	(2.6).	Finally	to	prove	(2.7),	we	note	that	if	Al	-	A2,	then	Al	n	A2	=	A1,	and	hence	(2.9)	implies	P(A1)	=	P(A2)	-	P(A2	-	A1)	<	P(A2),	since	P(A2	-	A1)	>	0	by	(2.3).	1	The
addition	law	(2.2)	becomes	much	more	complicated	if	we	drop	the	requirement	that	the	events	be	mutually	exclusive:	Given	any	n	events	A1i	A2,	....	An,	1et5	THEOREM	2.2	P1	=	P(A).	i=1	P(AZA,)	P2	=	15i	0.	2.	Let	E1.....	E.	be	n	independent	identically	distributed	random	variables,	with	common	mean	a	=	E	Sk	and	variance	E2	=	D	k.	Suppose	a	is
known.	Can	the	quantity	1L	I	n	k	Gk	-	a)2	/	G	1	be	used	to	estimate	a2?	3.	A	random	variable	has	probability	density8	Xm	PE(x)	=	I"!	"	if	x	0,	otherwise,	0	where	m	is	a	positive	integer.	Prove	that	P{0<	Hint.	m	m+l'	Use	Chebyshev's	inequality.	4.	The	probability	of	an	event	A	occurring	in	one	trial	is	-1.	Is	it	true	that	the	probability	of	A	occurring
between	400	and	600	times	in	1000	independent	trials	exceeds	0.97	?	Ans.	Yes.	5.	Let	be	the	number	of	spots	obtained	in	throwing	an	unbiasbd	die.	What	is	the	generating	function	of	?	8	It	follows	by	repeated	integration	by	parts	that	f	o-	xme_s	dx	=	m!	SOME	LIMIT	THEOREMS	PROBLEMS	81	6.	Use	(6.6)	and	the	result	of	the	preceding	problem	to
solve	Problem	16,	p.	52.	7.	Let	f;	be	a	random	variable	with	the	Poisson	distribution	ak	k	=0,	1,2,...	Pg(k)	=k	a	',	(6.27)	Use	(6.6)	to	show	that	E	=	D	=	a.	8.	Find	the	generating	function	of	the	random	variable	ak	=	k}	P{	with	distribution	(a	>	0).	(1	+	a)k+i	Use	(6.6)	to	find	E	and	9.	Let	7)	be	the	sum	of	two	independent	random	variables	El	and	21	one
with	the	Poisson	distribution	(6.27),	the	other	with	the	Poisson	distribution	obtained	by	changing	the	parameter	a	to	a'	in	(6.27).	Show	that	-q	also	has	a	Poisson	distribution,	with	parameter	a	+	a'.	10.	Let	S.	be	the	number	of	successes	in	a	series	of	n	independent	trials,	where	the	probability	of	success	at	the	kth	trial	ispk.	Supposept,	.	.	.	,	p	depend	on
n	in	such	a	way	that	pl+...+pn=a	while	max	{pl,	..	0	,	as	n	-.	oo.	Prove	that	S.	has	a	Poisson	distribution	with	parameter	a	in	the	limit	as	n	--+	oo.	Hint.	Use	Theorem	6.2.8	11.	Find	the	characteristic	function	f	(t)	of	the	random	variable	with	probability	density	PE(x)	=	2	e	1x1	(-	ao	<	x	<	oo).	1	Ans.	A(t)	=	1	+	t2	.	12.	Use	(6.23)	and	the	result	of	the
preceding	problem	to	solve	Problem	13,	p.	52.	13.	Find	the	characteristic	function	of	a	random	variable	uniformly	distributed	in	the	interval	[a,	b].	14.	A	continuous	random	variable	fi(t)	=	edItI	has	characteristic	function	(a	>	0).	Find	the	probability	density	of	.	For	the	details,	see	W.	Feller,	op.	cit.,	p.	282.	82	CHAP.	6	SOME	LIMIT	THEOREMS	a	Ans.
pt(x)	=	7r(a2	+	x2)	15.	The	derivatives	f'(0)	and	f	(0)	do	not	exist	in	the	preceding	problem.	Why	does	this	make	sense?	Hint.	Cf.	Problem	24,	p.	53.	16.	Let	v	be	the	total	number	of	spots	which	are	obtained	in	1000	independent	throws	of	an	unbiased	die.	Then	Ev	=	3500,	because	of	Problem	16,	p.	52.	Estimate	the	probability	that	v	is	a	number
between	3450	and	3550.	17.	Let	S	be	the	same	as	in	Problem	10,	and	suppose	I	pkgk	=	oo.	Prove	that	k=1	P	x'	G	pk	CCk-1	=	:	x"	Sn	I1	as	n	pkgk	oo.	Hint.	Apply	Theorem	6.3.	_e	1	2><	X.	x212	dx	MARKOV	CHAINS	15.	Transition	Probabilities	Consider	a	physical	system	with	the	following	properties:	a)	The	system	can	occupy	any	of	a	finite	or
countably	infinite	number	of	states	ell	e2,	...	b)	Starting	from	some	initial	state	at	time	t	=	0,	the	system	changes	its	state	randomly	at	the	times	t	=	1,	2....	Thus,	if	the	random	variable	i;(t)	is	the	state	of	the	system	at	time	t,'	the	evolution	of	the	system	in	time	is	described	by	the	consecutive	transitions	(or	"steps")	(0)	->	E(1)	-	E(2)	--->	...	.	c)	At	time	t
=	0,	the	system	occupies	the	state	e;	with	initial	probability	(7.1)	d)	Suppose	the	system	is	in	the	state	ei	at	any	time	n.	Then	the	probability	that	the	system	goes	into	the	state	e;	at	the	next	step	is	given	by	i,j=1,2,...,	(7.2)	regardless	of	its	behavior	before	the	time	n.	The	numbers	pi;,	called	the	transition	probabilities,	do	not	depend	on	the	time	n.	1	In
calling	fi(t)	a	random	variable,	we	are	tacitly	assuming	that	the	states	e,,	e,,	..	.	are	numbers	(random	variables	are	numerical	functions).	This	can	always	be	achieved	by	the	simple	expedient	of	replacing	e,,	e,,	.	.	.	by	the	integers	1,	2....	(see	W.	Feller,	op.	cit.,	p.	419).	83	84	CHAP.	7	MARKOV	CHAINS	A	"random	process"	described	by	this	model	is
called	a	Markov	chain.2	Now	let	p,(n)	==	P	{fi(n)	=	ef}	(7.3)	be	the	probability	that	the	system	will	be	in	the	state	ei	"after	n	steps."	To	find	p1(n),	we	argue	as	follows:	After	n	-	1	steps,	the	system	must	be	in	1)	=	ek},	k	=	one	of	the	states	ek,	k	=	1,	2,	.	.	.	,	i.e.,	the	events	1,	2,	.	.	.	form	a	full	set	of	mutually	exclusive	events	in	the	sense	of	p.	26.	Hence,
by	formula	(3.6),	P	{fi(n)	=	;}	=	I	P	{i;(n)	=	e;	I	(n	-	1)	=	ek}	P	{E(n	-	1)	=	ek}.	(7.4)	k	Writing	(7.4)	in	terms	of	the	notation	(7.1)-(7.3),	we	get	the	recursion	formulas	p;(0)	=	p°>	pi(n)	_	k	n	=	1,	2....	Pk(n	---	1)pk;,	(7.5)	If	the	system	is	in	a	definite	state	e,;	at	time	t	=	0,	the	initial	probability	distribution	reduces	to	p°=1,	if	pkk==0	(7.6)	The	probability
p,(n)	is	then	the	same.	as	the	probability	Pi,(n)=P{fi(n)	=.ejI	(0)=si},	i,j=	1,2,...	that	the	system	will	go	from	state	e,	to	state	ei	in	n	steps.	Hence,	for	the	initial	distribution	(7.6),	the	formulas,	(7.5)	become	pi,(())	--	I	if	j==i,	0	if	f	i,	(7.7)	n	=	1,	2,	..	.	pi3(n)	_	I	Pik(n	---	1)Pk	k	The	form	of	the	sum	in	(7.7)	suggests	introducing	the	transition	probability
matrix	1711	P	=	Ilpi;	II	P12	P21	P22	=__	2	More	exactly,	a	Markov	chain	with	stationary	transition	probabilities,	where	we	allude	to	the	fact	that	the	numbers	(7.2)	do	not	depend	on	n.	For	an	abstract	definition	of	a	Markov	chain,	without	reference	to	an	underlying	physical	system,	see	W.	Feller,	op.	cit.,	p.	374.	SEC.	15	MARKOV	CHAINS	85	and	the
"n-step	transition	probability	matrix"	P11(n)	P12(n)	P(n)	=	IIPt3(n)	II	=	P21(n)	P22(n)	...	...	Then,	because	of	the	rule	for	matrix	multiplication,3	(7.7)	implies	P(O)=	I,	P(I)=P,	P(2)=p(l)p=	p2_.,	where	I	is	the	unit	matrix	(with	ones	along	the	main	diagonal	and	zeros	everywhere	else).	It	follows	that	P(n)	=	P",	n	=	1,	2,	...	(7.8)	Example	1	(The	book	pile
problem).	Consider	a	pile	of	m	books	lying	on	a	desk.	If	the	books	are	numbered	from	I	to	m,	the	order	of	the	books	from	the	top	of	the	pile	down	is	described	by	some	permutation	(i1,	i2,	...	,	i,,,)	of	the	integers	1,	2,	...	,	m,	where	it	is	the	number	of	the	book	on	top	of	the	pile,	i2	the	number	of	the	next	book	down,	etc.,	and	im	is	the	number	of	the	book
at	the	bottom	of	the	pile.	Suppose	each	of	the	books	is	chosen	with	a	definite	probability,	and	then	returned	to	the	top	of	the	pile.	Let	pk	be	the	probability	of	choosing	the	kth	book	(k	=	1	,	2,	...	,	m),	and	suppose	the	book	pile	is	in	the	state	(i1,	i2,	...	,	im).	Then,	at	the	next	step,	the	state	either	remains	unchanged,	which	happens	with	probability	p,1
when	the	top	book	(numbered	11)	is	chosen,	or	else	changes	to	one	of	the	m	-	1	states	of	the	form	(13,	i1,	...),	which	happens	with	probability	pi,:	when	a	book	other	than	the	top	book	is	chosen.	Thus	we	are	dealing	with	a	Markov	chain,	with	states	described	by	the	permutations	(i1,	i2,	.	.	.	,	im)	and	the	indicated	transition	probabilities.	For	example,	if
m	=	2,	there	are	only	two	states	el	=	(1,	2)	and	e2	=	(2,	1),	and	the	transition	probabilities	are	Pll	=	P21	=	Pl,	P12	=	P22	=	P2	The	corresponding	transition	probability	matrix	is	P=	PI	P2	II	PI	P2	II	The	"two-step	transition	probabilities"	are	p11(2)	=	P21(2)	=	PIP,	+	PIP2	=	PI(PI	+	P2)	=	P1,	P12(2)	=	P22(2)	=	Pipe	+	P2P2	=	P2(P1	+	P2)	=	P23
Suitably	generalized	to	the	case	of	infinite	matrices,	if	there	are	infinitely	many	states	el,	C3	...	86	CHAP.	7	MARKOV	CHAINS	Hence	Pz	=	P,	and	more	generally	F'	=	P.	Given	any	initial	probability	distribution	pi,	pz,	we	have	Pi(n)	=	Pip11(n)	+	P°P21(n)	=	Pl(p	+	ps)	=	Pl'	P2(n)	=	PPlz(n)	+	PzPzz(n)	=	MP?	+	P02)	=	P21	Example	2	(The	optimal	choice
problem).	Returning	to	Example	2,	p.	28,	concerning	the	choice	of	the	best	object	among	m	objects	all	of	different	quality,	let	ek	(k	=	1,	2,	.	.	.	,	m)	be	the	state	characterized	by	the	fact	that	the	kth	inspected	object	is	the	best	of	the	first	k	objects	inspected,	and	let	em+l	be	the	state	characterized	by	the	fact	that	the	best	of	all	m	objects	has	already
been	examined	and	rejected.	As	the	m	objects	are	examined	one	by	one	at	random,	there	are	various	times	at	which	the	last	object	examined	turns	out	to	be	better	than	all	previous	objects	examined.	Denote	these	times	in	order	of	occurrence	by	t	=	0,	1,	.	.	.	,	v,	with	t	=	0	corresponding	to	inspection	of	the	first	object	and	t	==	v	being	the	time	at
which	the	best	of	all	m	objects	is	examined	(v	=	0	if	the	best	object	is	examined	first).	Imagine	a	system	with	possible	states	F-1....	,	e	e,,,+1,	and	let	fi(t)	be	the	state	of	the	system	at	the	time	t,	so	that	in	particular	l;(0)	=e1.	To	make	the	"random	into	a	Markov	chain,	we	must	define	process"	(0)	E(l)	E(2)	E(n)	for	n	>	v.	This	is	done	by	the	simple	artifice
of	setting	E(n)	=	em}1	for	all.	n	>	v.	The	transition	probabilities	of	this	Markov	chain	are	easily	found.	Obviously	pm+l.m+1	=	1	and	pt;	_	=	0	if	i	>	j,	j	<	m.	To	calculate	p,,;	for	i	<	j	<	m,	we	write	(7.2)	in	the	form	Pt,	=	P(E;	I	F;2)	=	P(EjE,)	(7.9)	P(Ez)	in	terms	of	the	events	Ez	=	{E(n)	e:i}	and	E;	=	{E(n	+	1)	=	e;}.	Clearly,	P(E;)	is	the	probability	that
the	best	object	will	occupy	the	last	place	in	a	randomly	selected	permutation	of	j	objects,	all	of	different	quality.	Since	the	total	number	of	distinct	permutations	of	j	objects	is	j!,	while	the	number	of	such	permutations	with	a	fixed	element	in	the	last	(jth)	place	is	(j	-	1)!,	we	have	P(E,)=(j-1)_=1,	j!	j=1,...,m:	I	(7.10)	Similarly,	P(E;E,)	is	the	probability	that
the	best	object	occupies	the	jth	place,	while	a	definite	object	(namely,	the	second	best	object)	occupies	the	ith	place.	Clearly,	there	are	(j	-	2)	!	permutations	of	j	objects	with	fixed	elements	in	two	places,	and	hence	P(E,E,)=	(j-2)!	==--j!	1	(j	-	1)j	i	q	(say),	then	the	particle	will	gradually	work	its	way	out	along	the	x	axis	in	the	positive	direction,	and
sooner	or	later	permanently	abandon	any	given	state	i.	However,	if	p	=	q	=	J,	we	have	00	2:	Pii(2	n)	=	oo,	n=O	and	the	particle	will	return	to	each	state	infinitely	often,	a	fact	apparent	from	the	symmetry	of	the	problem	in	this	case.	Example	4.	Next	consider	the	one-dimensional	random	walk	with	transition	probabilities	(7.13).	Obviously,	if	0	<	pi	<	1
for	all	i	=	0,	1,	...	,	every	state	is	accessible	from	every	other	state,	and	hence	the	states	are	either	all	persistent	or	all	transient.	Suppose	the	system	is	initially	in	the	state	i	=	0.	Then	the	probability	that	it	does	not	return	to	the	state	i	=	0	after	n	steps	equals	the	product	pop,	'	'	'	pn-,,	the:	probability	of	the	system	making	the	consecutive	transitions	0	-
-	1	->	-	-*	n.	It	is	easy	to	see	that	the	probability	that	the	system	never	returns	to	its	initial	state	i	=	0	as	n	-	oo	equals	the	infinite	product	oo	IT	P.	n=O	aim	POP1	'	'	n-m	.	P.-	If	this	infinite	product	converges	to	zero,	i.e.,	if	aim	POP,Pn=0,	n-co	then	the	state	i	=	0	is	persistent,	and	hence	so	are	all	the	other	states.	Otherwise,	the	probability	of	return	to
the	initial	state	is	V=1-limPoP,"'Pn	-	n	-	1	in	the	first	n	-	1	steps	and	then	returning	to	the	state	i	=	0	in	the	nth	step.	Therefore,	since	the	transi-	tion	i	-	1	->	i	has	probability	pi-t,	v1	=	1	-	Po'	V.	=	PoPi	...	Pn-a(1	-	Pn-1),	n	=	2,	3,	..	.	By	definition,	the	probability	of	eventually	returning	to	the	initial	state	i	=	0	is	v,	v=	n=o	Therefore	V	=	1	-	PO	+	Po(1	-	P1)
+	POP1(1	-	Pz)	+	..	=	1	-	lim	POP"	...	Pn,	n-m	in	keeping	with	(7.19).	17..	Limiting	Probabilities.	Stationary	Distributions	As	before,	let	pi(n)	be	the	probability	of	the	system	occupying	the	state	of	after	n	steps.	Then,	under	certain	conditions,	the	numbers	pi(n),	j	=	1,	2....	approach	definite	limits	as	n	-	co	:	THEOREM	7.4.	Given	a	Markov	chain	with	a
finite	number	of	states	El,	.	..	,	each	accessible	from	every	other	state,	suppose	min	pii(N)	=	8	>	0	for	some	N.7	Then	(7.20)	i,i	lim	p,(n)	p*,	n-oo	where	the	numbers	p,*,	j	=	1,	.	.	.	,	m,	called	the	limiting	probabilities,8	do	not	depend	on	the	initial	probability	distribution	and	satisfy	the	inequalities	max	1&(n)	-	p	!J	<	Ce	Dn,	I	P5(n)	-	P*	1	<	Ce	Dn	i	(7.21)
for	suitable	positive	constants	C	and	D.	Proof.	Let	r,(n)	-	min	pi,(n),	i	R,(n)	=	max	pii(n).	i	?	In	other	words,	suppose	the	probability	of	the	system	going	from	any	state	ei	to	any	other	state	ei	in	some	(fixed)	number	of	steps	N	is	positive.	Clearly,	the	numbersp*	are	nonnegative	and	have	the	sum	1	(why?).	Hence	they	are	candidates	for	the	probabilities
of	a	discrete	probability	distribution,	as	implicit	in	the	term	"limiting	probabilities."	94	CHAP.	7	MARKOV	CHAINS	Then	m	r,(n	+	1)	=	min	pi;(n	+	1)	=	min	{	m	p{kPk,(n)	>	min	I	p{kr,(n)	=	r;(n),	{	{	k==1	k=1	m	R,(n	+	1)	=	max	p{;(n	+	1)	=	mnax	i	{	and	hence	pikPk,(n)	<	max	p{kR;(n)	=	R,(n),	i	k=1	k==1	r,(1)	0,	(7.30)	so	that	the	states	are	all
transient	(see	p.	92).	Then	as	n	-->	oo,	the	particle	"moves	off	to	infinity"	in	the	positive	direction	with	probability	1,	and	there	is	obviously	no	stationary	distribution.	If	there	is	a	stationary	distribution,	it	must	satisfy	the	system	of	equations	(7.26),	which	in	the	present	case	take	the	form	j	=	1,	2,	...	Pi	=	Pi-iPj--1,	It	follows	from	(7.31)	that	(7.31)	Ps	=
PoPoP1.	,	P°	=	PoPoPI	'	'	'	Pn-1,	Pi	=	APO,	Clearly	a	stationary	distribution	exists	if	and	only	if	the	series	IPop,	...Pn=	1	+Po+PoPI+	-0	(7.32)	converges.9	The	stationary	distribution	is	then	0	Po	-	1	1+Po+pop,	PoPi	o	--+.	'	Pn_	n	=	1,	1+Po+PoPi+"'	PROBLEMS	1.	A	number	from	1	to	m	is	chosen	at	random,	at	each	of	the	times	t	=	1,	2,	..	.	A	system	is
said	to	be	in	the	state	co	if	no	number	has	yet	been	chosen,	and	in	the	state	e;	if	the	largest	number	so	far	chosen	is	i.	Show	that	the	random	process	described	by	this	model	is	a	Markov	chain.	Find	the	corresponding	transition	probabilities	p;;	(i,	j	=	0,	1,	.	.	.	,	ni).	Ans.	i	1	pit	=	-	,	p=t	=	0	if	i	>	j,	ptf	=	-	if	i	<	j.	2.	In	the	preceding	problem,	which.	states
are	persistent	and	which	transient?	3.	Suppose	m	=	4	in	Problem	1.	Find	the	matrix	P(2)	=	Ilptf(2)II,	where	ptj(2)	is	the	probability	that	the	system	will	go	from	state	e;	to	state	e;	in	2	steps.	Note	that	(7.32)	automatically	diverges	it	(7.30)	holds.	PROBLEMS	MARKOV	CHAINS	99	4.	An	urn	contains	a	total	of	N	balls,	some	black	and	some	white.
Samples	are	drawn	from	the	urn,	m	balls	at	a	time	(m	<	N).	After	drawing	each	sample,	the	black	balls	are	returned	to	the	urn,	while	the	white	balls	are	replaced	by	black	balls	and	then	returned	to	the	urn.	If	the	number	of	white	balls	in	the	urn	is	i,	we	say	that	the	"system"	is	in	the	state	Ei.	Prove	that	the	random	process	described	by	this	model	is	a
Markov	chain	(imagine	that	samples	are	drawn	at	the	times	t	=	1,	2,	.	.	.	and	that	the	system	has	some	initial	probability	distribution).	Find	the	corresponding	transition	probabilities	p;t	(i,	j	_	0,	1,	...	,	N).	Which	states	are	persistent	and	which	transient?	Ans.	pi	l	=	0	if	i	j,	j	>	N	-	m,	p.f	=	C!ii-tCN-'	m-i+!	if	1	>	j,	j	<	N	-	m.	CZ	The	state	co	is	persistent,
but	the	others	are	transient.	5.	In	the	preceding	problems,	let	N	=	8,	m	=	4,	and	suppose	there	are	initially	5	white	balls	in	the	urn.	What	is	the	probability	that	no	white	balls	are	left	after	2	drawings	(of	4	balls	each)?	6.	A	particle	moves	randomly	along	the	interval	[1,	ml,	coming	to	rest	only	at	the	points	with	coordinates	x	=	1,	...	,	m.	The	particle's
motion	is	described	by	a	Markov	chain	such	that	P12	-	1,	Pm,m-]L	(j	=	2,	...	,	m	-	1),	Pj,j+i	=	P,	Pr,a-1	=	9	with	all	other	transition	probabilities	equal	to	zero.	Which	states	are	persistent	and	which	transient?	7.	In	the	preceding	problem,	show	that	the	limiting	probabilities	defined	in	Theorem	7.4	do	not	exist.	In	particular,	show	that	the	condition	(7.20)
does	not	hold	for	any	N.	Hint.	p11(n)	=	0	if	n	is	odd,	while	p12(n)	=	0	if	n	is	even.	8.	Consider	the	same	kind	of	random	walk	as	in	Problem	6,	but	now	suppose	the	nonzero	transition	probabilities	are	PII	=	q,	Pmm	=	P,	(j	Pi,i+l	=P,	Pr,i-1	=	q	permitting	the	particle	to	stay	at	the	points	x	=	1	and	x	=	m.	Which	states	are	persistent	and	which	transient?
Show	that	the	limiting	probabilities	pi	,	...	,	P*	defined	in	Theorem	7.4	now	exist.	9.	In	the	preceding	problem,	calculate	the	limiting	probabilities	pl	,	...	,	p,*,.	Ans.	Solving	the	system	of	equations	Pi	=	9Pi	+	9Pz,	Pi	=	PP1	1	+	9P	+1	P+*,.	=	PP*-1	+	PP,*n,	(j	=	2,	...	,	m	-	1),	100	CHAP.	7	MARKOV	CHAINS	we	get	Therefore	1	P..	m	if	p	=	q,	while	P*	(plf-1
(Plq)	1	-	(p/q)m	\	ql	if	p	0	q	(impose	the	condition	that	p*	=	1).	10.	Two	marksmen	A	and	B	take	turns	shooting	at	a	target.	It	is	agreed	that	A	will	shoot	after	each	hit,	while	B	hill	shoot	after	each	miss.	Suppose	A	hits	the	target	with	probability	«	>	0,	while	B	hits	the	target	with	probability	p	>	0,	and	let	n	be	the	number	of	shots	fired.	What	is	the
limiting	probability	of	hitting	the	target	as	n	=	oo	?	P	Ans.	11.	Suppose	the	condition	(7.20)	holds	for	a	transition	probability	matrix	whose	column	sums	(as	well	as	row	sums)	all	equal	unity.	Find	the	limiting	probabilities	pi	,	...	,	p*n.	Ans.	12.	Suppose	m	white	balls	and	m	black	balls	are	mixed	together	and	divided	equally	between	two	urns.	A	ball	is
then	drawn	at	random	from	each	urn	and	put	into	the	other	urn.	Suppose	this	is	done	n	times.	If	the	number	of	white	balls	in	a	given	urn	is	j,	we	say	that	the	"system"	is	in	the	state	e;	(the	number	of	white	balls	in	the	other	urn	is	then	m	-	j).	Prove	that	the	limiting	prob,	p*	defined	in	Theorem	7.4	exist,	and	calculate	them.	abilities	po	,	pi	,	Hint.	The
only	nonzero	transition	probabilities	are	Pij	=	Ans.	2j(m	-j	)	P1,+1	=	m2	(m	-j)2	m2	,	P1,1-i	=	j2	In2	Solving	the	system	p*	=	P*	1PI-1,1	+	P*Pii	4-	P	+iPi+i,a	we	get	p*	=	(Cm)2po*,	and	hence	*	(CS	)2	/	P7	=	m	(Cjm)2	1=0	(recall	Problem	17,	p.	12).	(Cm)2	l	Cbs	(j=0,1,.	,m),	(j=0,1,..	m)	MARKOV	CHAINS	PROBLEMS	13.	Find	the	stationary	distribution
nonzero	transition	probabilities	are	Pil=j+l	Ans.	o	pi	(e	101	for	the	Markov	chain	whose	only	Pi,i+1=j.1	(j=1,2,...	1)j!	14.	Two	gamblers	A	and	B	repeatedly	play	a	game	such	that	A's	probability	of	winning	is	p,	while	B's	probability	of	winning	is	q	=	1	-	p.	Each	bet	is	a	dollar,	and	the	total	capital	of	both	players	is	m	dollars.	Find	the	probability	of	each
player	being	ruined,	given	that	A's	initial	capital	is	j	dollars.	Hint.	Let	ei	denote	the	state	in	which	A	has	j	dollars.	Then	the	situation	is	described	by	a	Markov	chain	whose	only	nonzero	transition	probabilities	are	Poo=1,	Pi,i+1	=	p,	Ans.	Pmm1,	pi,i-1	=	q	(j	=	1,	...	,	m	-	1).	Let	J31	=	lim	pio(n)	be	the	probability	of	A's	ruin,	starting	with	an	n-	ao	initial
capital	of	j	dollars.	Then	t'	1	=	PY2	+	q,	qq	P.-1	=	qpm-2,	(j	=	2,	fti	=	qfi-1	+	PI9s+1	(why?).	Solving	this	system	of	equations,	we	get	fi	=	1	-Mi	...	,	m	-	2)	(7.33)	if	p	=	q	(as	in	Example	3,	p.	29),	and	1	-	(p/q)m-i	>8	=	1	-	(p/q)m	if	p	(7.34)	q.	The	probability	of	B's	ruin	is	1	-	pi.	15.	In	the	preceding	problem,	prove	that	if	p	>	q,	then	A's	probability	of	ruin
increases	if	the	stakes	are	doubled.	16.	Prove	that	a	gambler	playing	against	an	adversary	with	unlimited	capital	is	certain	to	be	ruined	unless	his	probability	of	winning	in	each	play	of	the	game	exceeds	1.	Hint.	Let	m	-.	oo	in	(7.33)	and	(7.34).	s	CONTINUOUS	MARKOV	PROCESSES	18.	Definitions.	The	Sojourn	Time	Consider	a	physical	system	with
the	following	properties,	which	are	the	exact	analogues	of	those	given	on	p.	83	for	a	Markov	chain,	except	that	now	the	time	t	varies	continuously:	a)	The	system	can	occupy	any	of	a.	finite	or	countably	infinite	number	of	states	EI,	E2,	..	.	b)	Starting	from	some	initial	state	at	time	t	=	0,	the	system	changes	its	state	randomly	at	subsequent	times.	Thus,
the	evolution	of	the	system	in	time	is	described	by	the	"random	function"	E(t),	equal	to	the	state	of	the	system	at	time	t.'	c)	At	time	t	=	0,	the	system	occupies	the	state	e,	with	initial	probability	i=1,2,...	d)	Suppose	the	system	is	in	the	state	z,	at	any	time	s.	Then	the	probability	that	the	system	goes	into	the	state	E;	after	a	time	t	is	given	by	Pa(t)	=	P
{E(s	+	t)	=	ee	I	a(s)	=	E,},	i,J	=	1,	2,	...	,	(8.1)	regardless	of	its	behavior	before	the	time	s.	The	numbersp,;(t),	called	the	transition	probabilities,	do	not	depend	on	the	time	s.	A	random	process	described	by	this	model	is	called	a	continuous	Markov	1	Recall	footnote	1,	p.	83.	Note	that	ig(t)	is	a	random	variable	for	any	fixed	t.	102	SEC.	18	CONTINUOUS
MARKOV	PROCESSES	103	process2	or	simply	a	Markov	process	(as	opposed	to	a	Markov	chain,	which	might	be	called	a	"discrete	Markov	process").	Let	j=	1,2,...	pi(t)	=	P{fi(t)=	ej},	be	the	probability	that	the	system	will	be	in	the	state	of	at	time	t.	Then,	by	arguments	which	hardly	differ	from	those	given	on	p.	84,	we	have	j	=	1,	2,	...	,	pf(0)	=	p°O°,
Pr(s	+	t)	_	and	k	P:f	(0)	j	=	1,	2....	Pk(s)Pki(t),	(1	if	{l0	if	Pii(s	+	t)	=	I	P;k(S)Pks(t),	k	j	j	(8.2)	(8.3)	i,	j	=	1,	2....	(8.4)	for	arbitrary	s	and	t	[cf.	(7.5)	and	(7.7)].	THEOREM	8.1.	Given	a	Markov	process	in	the	state	a	at	time	t	=	to,	let	r	be	the	(random)	time	it	takes	the	process	to	leave	a	by	going	to	some	other	state.'	Then	P{T>t}=ez,	t>0,	(8.5)	where	),	is	a
nonnegative	constant.	Proof.	Clearly	P	{T	>	t}	is	some	function	of	t,	say	cp(t)	=	P	{T	>	t},	t	>	0.	If	r	>	s,	then	the	process	will	be	in	the	same	state	at	time	to	+	s	as	at	time	to,	and	hence	its	subsequent	behavior	will	be	the	same	as	if	s	=	0.	In	particular,	P{T>s+tIT>S}=	p(t)	is	the	probability	of	the	event	{T	>	s	+	t}	given	that	T	>	s.	It	follows	that
P{T>s+t}=P{T>s+tIT>s}P{T>s}=	p(t)p(s),	and	hence	cp(s	+	t)	=	cp(s)cp(t)	or	equivalently	In	p(s+t)=	in	p(s)+ln	cp(t)	'	More	exactly,	a	continuous	Markov	process	with	stationary	transition	probabilities.	where	we	allude	to	the	fact	that	the	numbers	(8.1)	do	not	depend	on	s	(cf.	footnote	2,	p.	84).	'	Here	we	prefer	to	talk	about	states	of	the	process
rather	than	states	of	the	system	(as	in	Chap.	7).	104	CHAP.	8	CONTINUOUS	MARKOV	PROCESSES	for	arbitrary	s	and	t.	Therefore	In	p(t)	is	proportional	to	t	(recall	footnote	4,	p.	40),	say	In	cp(t)	==_	--),t,	t	>	0,	(8.6)	where	a	is	some	nonnegative	constant	(why	nonnegative?).	But	(8.6)	implies	(8.5).	1	The	parameter	A	figuring	in	(8.4,	is	called	the
density	of	the	transition	out	of	the	state	e.	If	a	=	0,	the	process	remains	forever	in	e.	If	a	>	0,	the	probability	of	the	process	undergoing	a	change	of	state	in	a	small	time	internal	At	is	clearly	1	-	(?(At),	=	n	At	+	o(Ot),	where	o(At)	denotes	an	infinitesimal	of	higher	order	than	At.	It	follows	from	(8.5)	that	P{t10,	SEC.	19	CONTINUOUS	MARKOV
PROCESSES	105	where	A	is	the	density	of	the	transition	Ra	-->	Rn.	Recalling	(8.7),	we	see	that	A	is	the	constant	such	that	the	probability	of	the	transition	Ra	-*	Rn	in	a	small	time	interval	At	equals	At	+	o(Ot).	The	number	of	(undisintegrated)	radium	atoms	left	after	time	t	is	clearly	no	-	E(t),	with	mean	value	n(t)	=	E[no	-	E(t)]	=	no	-	nop(t)	=	noe	At,	t
>	0.	(8.10)	Let	T	be	the	half-life	of	radium,	i.e.,	the	amount	of	time	required	for	half	the	radium	to	disappear	(on	the	average).	Then	n(T)	=	2	no,	(8.11)	and	hence,	comparing	(8.10)	and	(8.11),	we	find	that	T	is	related	to	the	density	A	of	the	transition	Ra	->	Rn	by	the	formula	T	=	In	2	A	19.	The	Kolmogorov	Equations	Next	we	find	differential	equations
satisfied	by	the	transition	probabilities	of	a	Markov	process:	THEOREM	8.2.	Given	a	Markov	process	with	a	finite	number	of	states,	suppose	the	transition	probabilities	p,,	(t)	are	such	that4	1	-p,1(At)=A;Ot+o(Ot),	pii(Ot)=AiiAt+o(ot),	and	let	A,,	=	-A,,	i	1,2,...,	jai,	i,j=	1,2,...,	i=	1,	2,	...	(8.12)	(8.13)	Then	the	transition	probabilities	satisfy	two	systems	of
linear	differential	equations,	for	forward	Kolmogorov	equations	P.,(t)	=1	Pik(t)Aks,	i,	j	=	1,	2,	...	(8.14)	i,	j	=	1,	2,	...	,	(8.15)	k	and	the	backward	Kolmogorov	equations	A's(t)	_	k	Aikpk9\t),	subject	to	the	initial	conditions	(8.3).	4	We	might	call	Ai	the	"density	of	the	transition	out	of	the	state	ei,"	and	A,i	the	"density	of	the	transition	from	the	state	ei	to	the
state	ei."	'	The	prime	denotes	differentiation	with	respect	to	t.	106	CHAP.	8	CONTINUOUS	MARKOV	PROCESSES	Proof.	It	follows	from	(8.4)	that	I	Pik(t)Pkf(4t)	_	Pii(t	+	At)	k	k	Pik(At)Pkf(t)'	Hence,	using	(8.12)	and	(8.13),	we	have	Pif(t	+	At)	-	Pif(t)	=	At	o(At)	k	Pik(t)	l	Akf	+	as	Both	sums	have	definite	limits	li	m	At	Pik(t)[)'ki	+	_	L1t	]	=	[Xik	+	o(Ot)	At
]Pkf(t)'	0.	In	fact,	a(-	tl	=	I	Pik(t))kf9	lim	I	[AlIc	+	o(ar)]	Pkf(t)	=	I)	ikPkf(t)'	At	(8.16)	(8.17)	k	Therefore	limP:i(t	+	At)	Lit	Pii(t)	=	P:f(t)	also	exists,	and	equals	(8.16)	and	(8.17).	1	Remark	1.	It	follows	from	(8.12.)	and	the	condition	that	I	)",	=	Xi.	(8.18)	f#i	Remark	2.	The	Kolmogorov	equations	hold	not	only	in	the	case	of	a	finite	number	of	states,	but	also
in	the	case	of	a	countably	infinite	number	of	states	cl,	e2,	...	if	we	make	certain	additional	assumptions.	In	fact,	suppose	the	error	terms	o(At)	in	(8.12)	are	such	that	o(At)_>0	At	as	Ot-+0	uniformly	in	all	i	and	j.	Then	the	forward	equations	(8.14)	hold	if	for	any	fixed	j,	there	is	a	constant	C	<	a)	such	that	X,	t}=e	L'	(8.20)	(the	case	of	"exponential	holding
times").	Then	the	service	system	has	two	states,	a	state	so	if	the	server	is	"free"	and	a	state	el	if	the	server	is	"busy."	It	will	be	assumed	that	a	call	is	rejected	(and	is	no	longer	a	candidate	for	service)	if	it	arrives	when	the	server	i.s	busy.	Suppose	the	system	is	in	the	state	so	at	time	to.	Then	its	subsequent	behavior	does	not	depend	on	its	previous
history,	since	the	calls	arrive	independently.	The	probability	p,	(At)	of	the	system	going	from	the	state	so	to	the	state	el	during	a	small	time	:interval	At	is	just	the	probability	X	At	+	o(At)	of	at	least	one	call	arriving	during	At.	Hence	the	density	of	the	transition	from	so	to	el	equals	X.	On	the	other	hand,	suppose	the	system	is	in	the	state	el	at	time	t1.



Then	the	probability	plo(t)	of	the	system	going	from	the	state	el	to	the	state	so	after	a	time	t	is	just	the	probability	that	service	will	fail	to	last	another	t	seconds.6	Suppose	that	at	the	time	t1,	service	has	already	been	in	progress	for	exactly	s	seconds.	Then	P{T>s-+	-t}	Plo(t)=1-P{T>s+tIT>s}=1-	P{-r>s}	Using	(8.20),	we	find	that	P10(t)	e	-u.(3+c)	=1	-
e	µ8	=	1	-	e	(8.21)	regardless	of	the	time	s,	i.e.,	regardless	of	the	system's	behavior	before	the	time	t1.7	Hence	the	system	can	be	described	by	a	Markov	process,	with	two	states	so	and	el.	The	transition	probabilities	of	this	Markov	process	obviously	satisfy	the	conditions	Pol(t)	=	1	-pou(t),	P10(t)	=	1	-	plo(t).	(8.22)	Moreover,	aoo	=	-A,	A01=T,	Alo	=	l.t,
A11	=	-EL,	For	simplicity,	we	choose	seconds	as	the	time	units.	It	is	important	to	note	that	this	is	true	only	for	exponential	holding	times	(see	W.	Feller,	op.	cit.,	p.	458).	SEC.	20	CONTINUOUS	MARKOV	PROCESSES	109	where	we	use	the	fact	that	plo(Ot)	=	1	-	e-µet	=	At	+	o(Ot).	EA	Hence	in	this	case	the	forward	Kolmogorov	equations	(8.14)
becomee	Poo(t)	=	aooPoo(t)	+	X10Pot(t)	=	-XPOO(t)	+	1t[1	-	Poo(t)).	Pit(t)	=	Aotpto(t)	+	at1Pit(t)	=	a[1	-	Poo(t)]	-	lLPtt(t),	Pw(1)	+	(A	+	V400(t)	=	ia,	(8.23)	Pit(t)	+	(A	+	OPtt(t)	=	X.	Solving	(8.23)	subject	to	the	initial	conditions	Poo(0)	=pit(0)	=	1,	we	get	P00(t)	=	1	Pit(t)	1-	'	A+µ	µ	)e-(x+'L)t	+	+µ	(8.24)	A	A	+µ	X+µ	20.	More	on	Limiting	Probabilities.
Erlang's	Formula	We	now	prove	the	continuous	analogue	of	Theorem	7.4:	THEOREM	8.3.	Let	fi(t)	be	a	Markov	process	with	a	finite	number	of	states,	et,	...	,	Cr;,	each	accessible	from	every	other	state.	Then	lim	p.(t)	=	pJ,	where	p,(t)	is	the	probability	of	fi(t)	being	in	the	state	et	at	time	t.	The	numbers	p'	,	j	=	1,	...	,	m,	called	the	limiting	probabilities,
do	not	depend	on	the	initial	probability	distribution	and	satisfy	the	inequalities	max	J	&(t)	-	Pi	I	<	Ce	D`	I	Pi(t)	-	p*	1	<	Ce	D`	(8.25)	for	suitable	positive	constants	C	and	D.	Proof.	The	proof	is	virtually	the	same	as	that	of	Theorem	7.4	for	Markov	chains,	once	we	verify	that	the	continuous	analogue	of	the	condition	(7.20),	p.	93	is	automatically	satisfied.
In	fact,	we	now	have	min	ptt(t)	=	8(t)	>	0	t.t	Because	of	(8.22),	there	is	no	need	to	write	equations	forp,1(t)	and	pin(t).	(8.26)	110	CHAP.	8	CONTINUOUS	MARKOV	PROCESSES	for	all	t	>	0.	To	show	this,	we	:first	observe	that	is	positive	for	sufficiently	small	t,	being	a	continuous	function	(why?)	satisfying	the	1.	But,	because	of	(8.4),	condition	Pic(s	~
t)	>	pt;(s)Pat(t)	for	arbitrary	s	and	t,	and	hence	p;,(t)	is	positive	for	all	t.	To	show	that	p	(t),	i	j	is	also	positive	for	all	t,	thereby	proving	(8.26)	and	the	theorem,	we	note	that	'Fue'ls)	>	0	for	some	s,	since	e,	is	accessible	from	e,.	But	P=e(t)	>	p=e(u)P"e(t	-	u),	u	<	t,	u)	is	always	positive.	again	by	(8.4),	where,	as	just	shown,	0	for	some	u	<	t.	Consider	a
Hence	it	suffices	to	show	that	Markov	chain	with	the	same	states	el,	....	em	and	transition	probabilities	Piels),	P;	where	n	is	an	integer	such	that	n;3	m	-S	t	Since	5	\	n	p2	>	0,	n!	the	state	e,	is	accessible	from	e,.	But	it	is	easy	to	see	that	e,	is	accessible	from	e,	not	only	in	n	steps,	but	also	in	a	number	of	steps	no	no	greater	than	the	total	number	of	states
m	(think	this	through).	Therefore	A,	no	-	`	>	0,	n/	S)	where	no	s	n	=u	t.	The	limiting	probabilities	p*,	j	=	1,	...	,	m	form	a	stationary	distribution	in	the	same	sense	as	on	p.	96.	More	exactly,	if	we	choose	the	initial	distribution	P°=Pf	then	J=1,	,m,	Pe(t)--P*,	j=1,...,m,	i.e.,	the	probability	of	the	system	teeing	in	the	state	e,	remains	unchanged	SEC.	20
CONTINUOUS	MARKOV	PROCESSES	I	II	for	all	t	>	0.	In	fact,	taking	the	limit	as	s	-	co	in	(8.2),	we	get	Pi	=	I	P'P:r(t),	j	=	1,	...	,	M.	($.27)	But	the	right-hand	side	is	just	p,(t),	as	we	see	by	choosing	s	=	0	in	(8.2).	Suppose	the	transition	probabilities	satisfy	the	conditions	(8.12).	Then	differentiating	(8.27)	and	setting	t	=	0,	we	find	that	P'a:a=0,	j=1,...,m,
(8.28)	where	A	is	the	density	of	the	transition	from	the	state	e=	to	the	state	et.	Example	(A	service	system	with	m	servers).	Consider	a	service	system	which	can	handle	up	to	m	incoming	calls	at	once,	i.e.,	suppose	there	are	m	servers	and	an	incoming	call	can	be	handled	if	at	least	one	server	is	free.	As	in	Example	2,	p.	108,	we	assume	that	the
incoming	traffic	is	of	the	Poisson	type	with	density	A,	and	that	the	time	it	takes	each	server	to	service	a	call	is	exponentially	distributed	with	parameter	µ	(this	is	again	a	case	of	"exponential	holding	times").	Moreover,	it	will	be	assumed	that	a	call	is	rejected	(and	is	no	longer	a	candidate	for	service)	if	it	arrives	when	all	m	servers	are	busy,	and	that	the
"holding	times"	of	the	m	servers	are	independent	random	variables.	If	precisely	j	servers	are	busy,	we	say	that	the	service	system	is	in	the	state	of	(j	=	0,	1,	.	.	.	,	m).	In	particular,	eo	means	that	the	whole	system	is	free	and	em	that	the	system	is	completely	busy.	For	almost	the	same	reasons	as	on	p.	108,	the	evolution	of	the	system	in	time	from	state
to	state	is	described	by	a	Markov	process.	The	only	nonzero	transition	probabilities	of	this	process	are	A00	=	-),,	?ot	=	A,	"mm	=	-mµ,	(8.29)	at.t-t	=	jµ,	At;	=	-(A	+jµ),	as.s+t	=	A	(j	=	1,	...	,	m	-	1).	In	fact,	suppose	the	system	is	in	the	state	ef.	Then	a	transition	from	of	to	e;+t	takes	place	if	a	single	call	arrives,	which	happens	in	a	small	time	interval	At
with	probability	AAt	+	o(At).9	Moreover,	the	probability	that	none	of	the	j	busy	servers	becomes	free	in	time	At	is	just	[1	-	µAt	+	o(At)P,	since	the	holding	times	are	independent,	and	hence	the	probability	of	at	least	one	server	becoming	free	in	time	At	equals	1	-	[1	-	At	+	o(At)]'	=	jp.At	+	o(At).	9	For	small	At,	this	is	also	the	probability	of	at	least	one
call	arriving	in	At.	112	CHAP.	8	CONTINUOUS	MARKOV	PROCESSES	But	for	small	At,	this	is	also	the	probability	of	a	single	server	becoming	free	in	time	At,	i.e.,	of	a	transition	from	ei	to	ei_,.	The	transitions	to	new	states	other	than	ei_,	or	ei+,	have	small	probabilities	of	order	o(Ot)..	These	considerations,	together	with	(8.12)	and	the	formula	X	0
implied	by	(8.12)	and	(8.13),	lead	at	once	to	(8.29).	In	the	case	m	=	1,	it	is	clear	from	the	formulas	(8.24)	that	the	transition	probabilities	p2,(t)	approach	their	limiting	values	"exponentially	fast"	as	t	-*	oo.	It	follows	from	the	general	formula	(8.25)	that	the	same	is	true	in	the	case	m	>	1	(more	than	1	server}	To	find	these	limiting	probabilities	p,*,	we
use	(8.28)	and	(8.29),	obtaining	the	following	system	of	linear	equations:	APo	=	1'Pi,	(,	+	JIL)Pf	=	47-1	+	(j	+	0ltP+1	(j	=	1,	...	,	m	-	1),	Xp._I	=	mirPm	Solving	this	system,	we	get	i	(-l	Po,	Pi	=	j=0,1,...,m.	Using	the	"normalization	condition"	P*=1	i=o	to	determine	po	,	we	finally	obtain	Erlang's	formula	li	1	(	1	!	\µ/	-	,	P,	i	j!.j	j	=	0,	1,	...	,	m	(8.30)	for	the
limiting	probabilities.	PROBLEMS	1.	Suppose	each	alpha	particle	emitted	by	a	sample	of	radium	has	probability	p	of	being	recorded	by	a	Geiger	counter.	What	is	the	probability	of	exactly	n	particles	being	recorded	in	t	seconds?	Ans.	at"	ni	a	age,	where	a	is	the	same	as	in	the	example	on	p.	104.	PROBLEMS	CONTINUOUS	MARKOV	PROCESSES	113
2.	A	man	has	two	telephones	on	his	desk,	one	receiving	calls	with	density	AI,	the	other	with	density	x2.1°	What	is	the	probability	of	exactly	n	calls	being	received	in	t	seconds?	Hint.	Recall	Problem	9,	p.	81.	Neglect	the	effect	of	the	lines	being	found	busy.	Ans.	1011	+'a2)tl"	e_U,+a,)t	n.	3.	Given	a	Poisson	process	with	density	a,	let	E(t)	be	the	number
of	events	occurring	in	time	t.	Find	the	correlation	coefficient	of	the	random	variables	fi(t)	and	(t	+	T),	where	r	>	0.	Ans.	t	+	T	4.	Show	that	(8.24)	leads	to	Erlang's	formula	(8.30)	for	m	=	1.	5.	The	arrival	of	customers	at	the	complaint	desk	of	a	department	store	is	described	by	a	Poisson	process	with	density	X.	Suppose	each	clerk	takes	a	random	time	T
to	handle	a	complaint,	where	T	has	an	exponential	distribution	with	parameter	µ,	and	suppose	a	customer	leaves	whenever	he	finds	all	the	clerks	busy.	How	many	clerks	are	needed	to	make	the	probability	of	customers	leaving	unserved	less	than	0.015	if	a	=	µ?	Hint.	Use	Erlang's	formula	(8.30).	Ans.	Four.	6.	A	single	repairman	services	m	automatic
machines,	which	normally	do	not	require	his	attention.	Each	machine.	has	probability	)At	+	o(At)	of	breaking	down	in	a	small	time	interval	At.	The	time	required	to	repair	each	machine	is	exponentially	distributed	with	parameter	µ.	Find	the	limiting	probability	of	exactly	j	machines	being	out	of	order.	Hint.	Solve	the	system	of	equations	mapo	=	µp1,
[(m-j)a+µlp*	_(m-j+1)Ap*I+ti.pi+,	µPm	=	m!	Ans.	p*	=	(m	-	j)	!	0(p.*,	j	=	0,	1,	...	,	m,	where	p0*	is	determined	from	the	condition	j-0	p*	=	1,	Comment.	Note	the	similarity	between	this	result	and	formula	(8.30).	7.	In	the	preceding	problem,	find	the	average	number	of	machines	awaiting	the	repairman's	attention.	Ans.	m	-	a	+	µ	(1	-	p0*).	10	It	is
assumed	that	the	incoming	calls	on	each	line	form	a	Poisson	process.	114	CHAP.	8	CONTINUOUS	MARKOV	PROCESSES	8.	Solve	Problem	6	for	the	case	of	r	repairmen,	where	1	<	r	<	m.	9.	An	electric	power	line	serves	m	identical	machines,	each	operating	independently	of	the	others.	Suppose	that	in	a	small	interval	of	time	At	each	machine	has
probability	ALt	+	o(At)	of	being	turned	on	and	probability	µ0t	+	o(Lt)	of	being	turned	off.	Find	the	limiting	probability	pf	of	exactly	j	machines	being	on.	Hint.	Solve	the	system	of	equations	mAPO	=	1-1Pi,	Ans.	p;`	=	Cr	I-	+	I	11	(	--)	,	j	=	0,	1,	...	,	m.	El	10.	Show	that	the	answer	to	the	preceding	problem	is	just	what	one	would	expect	by	an	elementary
argument	if	).	=	µ.	Appendix	1	INFORMATION	THEORY	Given	a	random	experiment	with	N	equiprobable	outcomes	AI,	...	,	AN,	how	much	"information"	is	conveyed	on	the	average	by	a	message	.#	telling	us	which	of	the	outcomes	A,,	...	,	AN	has	actually	occurred?	As	a	reasonable	measure	of	this	information,	we	might	take	the	average	length	of	the
message	..df,	provided	.#	is	written	in	an	"economical	way."	For	example,	suppose	we	use	a	"binary	code,"	representing	each	of	the	possible	outcomes	A,,	...	,	AN	by	a	"code	word"	of	length	1,	i.e.,	by	a	sequence	where	each	"digit"	a1,	is	either	a	0	or	a	1.	Obviously	there	are	21	such	words	(all	of	the	same	length	1),	and	hence	to	be	capable	of	uniquely
designating	the	N	possible	outcomes,	we	must	choose	a	value	of	1	such	that	N<	2'.	(1)	The	smallest	value	of	1	satisfying	(1)	is	just	the	integer	such	that	0	0.	Among	z	these	integral	curves,	the	curve	x0(t)	shown	in	the	figure,	corresponding	to	a	the	value	r	=	0,	has	the	property	of	lying	below	all	the	other	integral	curves,	i.e.,	x0(t)	<	xT(t),	133	t	o
FIGURE	13	0	<	t	<	co.	This	is	explained	by	the	fact	that	the	solution	of	our	differential	equation	is	unique	in	the	region	0	<	x	<	1,	0	<	t	<	oo,	so	that	the	integral	curves	do	not	intersect	in	this	region.	It	is	also	easy	to	see	that	the	integral	curve	xo(t)	is	the	limit	of	the	integral	curves	x(t,	z)	lying	below	it	and	passing	through	points	(0,	z)	such	that	0	<	z
<	1.	In	other	words,6	xo(t)	=	lim	x(t,	z).	.--I	(17)	The	above	analysis	of	the	differential	equation	(9)	has	some	interesting	implications	for	the	corresponding	branching	process	fi(t).	In	general,	there	is	a	positive	probability	that	no	particles	at	all	are	present	at	a	given	time	t.	Naturally,	this	cannot	happen	if	ao	=	0,	since	then	particles	can	only	be
"created"	but	not	"annihilated."	Clearly,	the	probability	of	all	particles	having	disappeared	after	time	t	is	po(t)	=	F(t,	0)	if	there	is	only	one	particle/	originally	present	at	time	t	=	0,	and	pkO(t)	=	[F(t,	0)]k	=	[Po(t)]k	if	there	are	k	particles	at	time	t	=	0.	The	function	po(t)	is	the	solution	of	the	differential	equation	(9)	corresponding	to	the	parameter	z	=	0:
dpo(t)	=.f	[Po(t)],	dt	PO(0)	=	0.	As	already	shown,	this	solution	asymptotically	approaches	some	valuepo	=	a	as	t	---	oo,	where	a	is	the	smaller	root	of	the	equationf(x)	=	0	[recall	(13)].	Thus	po	=	a	is	the	extinction	probability	of	the	branching	process	E(t),	i.e.,	the	probability	that	all	the	particles	will	eventually	disappear.	If	the	function	f(x)	is	positive	in
the	whole	interval	0	<	x	<	1,	the	extinction	probability	equals	1.	6	Note	that	x(t,	z)	=	F(t,	z)	for	t	>	0,	0	<	z	<	1.	134	APP.	3	BRANCHING	PROCESSES	There	is	also	the	possibility	of	an	"explosion"	in	which	infinitely	many	particles	are	created.	The	probability	of	an	explosion	occurring	by	time	t	is	just	W	p.(t)	=	1	-	P	{i;(t)	oo}	=	1	-	P	{E(t)	=	n}	n=o	W
=	1	-	I	pn(t)	=	1	-	lim	F(t,	z).	z-1	n=o	In	the	case	where	x(t)	-	1	is	the	unique	integral	curve	of	(9)	passing	through	the	point	(0,	1),	we	clearly	have	lim	F(t,	z)	=	1.	z-.1	Therefore	p.	(t)	=	0	for	arbitrary	t	if	(14)	holds,	and	the	probability	of	an	explosion	ever	occurring	is	0.	However,	if	(16)	holds,	we	have	(17)	where	x0(t)	is	the	limiting	integral	curve
described	above	and	shown	in	Figure	13.	In	this	case,	p(t)	:=	1	-	xa(t)	>	0	and	there	is	a	positive	probability	of	an	explosion	occurring.	PROBLEMS	1.	A	cosmic	ray	shower	is	initiated	by	a	single	particle	entering	the	earth's	atmosphere.	Find	the	probability	p,	(t)	of	n	particles	being	present	after	time	t	if	the	probability	of	each	particle	producing	a	new
particle	in	a	small	time	interval	At	is	ALIt	+	o(At).	Hint.	Ans.	a1	=	-A,	A`2	=	A.	pn(t)	=	e-at(1	-	e-at)n-1,	n	>	1.	2.	Solve	Problem	1	if	each	particle	has	probability	At	+	o(At)	of	producing	a	new	particle	and	probability	At	+	o(At)	of	being	annihilated	in	a	small	time	interval	At.	Hint.	A0=µ,Al=	-(),	+µ),a2=a.	Ans.	po(t)	=	ILl,	pn(t)	AY)(1	-	µY)(),YY`-1	where
1	-	e(X--Wt	µ	-	iec?-µ>t	Y	=	t	1+	if	APP.	3	BRANCHING	PROCESSES	135	3.	Find	the	extinction	probabilitypo	of	the	branching	process	in	the	preceding	problem.	W	Ans.	po	=	A	1	if	µ	<	a,	if	µ>A.	Appendix	`T	PROBLEMS	OF	OPTIMAL	CONTROL	As	in	Sec.	15,	consider	a	physical	system	which	randomly	changes	its	state	at	the	times	t	=	1,	2,	...	,
starting	from	some	initial	state	at	time	t	=	0.	Let	ell	e2i	...	be	the	possible	states	of	the	system,	and	fi(t)	the	state	of	the	system	at	time	t,	so	that	the	evolution	of	the	system	in	time	is	described	by	the	consecutive	transitions	(0)	-	(1)	.-	(2)	...	.	We	will	assume	that	fi(t)	is	a	Markov	chain,	whose	transition	probabilities	p;;,	i,j	=	1,	2....	depend	on	a	"control
parameter"	chosen	step	by	step	by	an	external	"operator."	More	exactly,	if	the	system	is	in	state	e;	at	any	time	n	and	if	d	is	the	value	of	the	control	parameter	chosen	by	the	operator,	then	p00	_°	p,j(d)	is	the	probability	of	the	system	going	into	the	state	e,	at	the	next	step.	The	set	of	all	possible	values	of	the	control	parameter	d	will	be	denoted	by	D.	We
now	pose	the	problem	of	controlling	this	"guided	random	process"	by	bringing	the	system	into	a	definite	state,	or	more	generally	into	one	of	a	given	set	of	states	E,	after	a	given	number	of	steps	n.	Since	the	evolution	of	the	process	fi(t)	depends	not	only	on	the	control	exerted	by	the	operator,	but	also	on	chance,	there	is	usually	only	a	definite
probability	P	of	bringing	the	system	into	one	of	the	states	of	the	set	E,	where	P	depends	on	the	"control	program"	adopted	by	the	operator.	We	will	assume	that	every	such	control	program	consists	in	specifying	in	advance,	for	all	e;	and	t	=	0,	.	.	.	,	n	-	1,	the	parameter	d:=	d(e;,	t)	136	PROBLEMS	OF	OPTIMAL	CONTROL	APP.	4	137	to	be	chosen	if	the
system	is	in	the	state	e=	at	the	time	t.	In	other	words,	the	whole	control	program	is	described	by	a	decision	rule,	i.e.,	a	function	of	two	variables	d	=	d(x,	t),	where	x	ranges	over	the	states	el,	e2,	...	and	t	over	the	times	0,	...	,	n	-	1.	Thus	the	probability	of	the	system	going	into	the	state	e,	at	time	k	+	1,	given	that	it	is	in	the	state	et	at	time	k,	is	given	by
d	=	d(e,,	k).	p,1	=	p;5(d),	By	the	same	token,	the	probability	of	the	system	being	guided	into	one	of	the	states	in	E	depends	on	the	choice	of	the	control	program,	i.e.,	on	the	decision	rule	d	=	d(x,	t),	so	that	P	=	P(d).	Control	with	a	decision	rule	d°	=	d°(x,	t)	will	be	called	optimal	if	P(d°)	=	max	P(d),	a	where	the	maximum	is	taken	with	respect	to	all
possible	control	programs,	i.e.,	all	possible	decision	rules	d	=	d(x,	t).	Our	problem	will	be	to	find	this	optimal	decision	rule	d°,	thereby	maximizing	the	probability	P(d)	=	P	{fi(n)	e	E}	of	the	system	ending	up	in	one	of	the	states	of	E	after	n	steps.	We	now	describe	a	multistage	procedure	for	finding	d°.	Let	P(k,	i,	d)	=	P	{E(n)	e	E	I	E(k)	=	e;}	be	the
probability	that	after	occupying	the	state	e;	at	the	kth	step,	the	system	will	end	up	in	one	of	the	states	of	the	set	E	after	the	remaining	n	-	k	steps	(it	is	assumed	that	some	original	choice	of	the	decision	rule	d	=	d(x,	t)	has	been	made).	Then	clearly	P(k,	i,	d)	_	p23(d)P(k	+	1,	j,	d).	(1)	This	is	a	simple	consequence	of	the	total	probability	formula,	since	at
the	(k	+	1)st	step	the	system	goes	into	the	state	of	with	probability	pt,(d),	d	=	d(e;,	k),	whence	with	probability	P(k	+	1,	j,	d)	it	moves	on	(n	-	k	-	1	steps	later)	to	one	of	the	states	in	the	set	E.	For	k	=	n	-	1,	formula	(1)	involves	the	probability	P(n,	j,	d)	_	1	if	ei	a	E,	0	otherwise,	(2)	and	hence	P(n	-	1,	i,	d)	I:E5EE	p21(d),	(3)	138	PROBLEMS	OF	OPTIMAL
CONTROL	APP.	4	where	the	summation	is	over	all	j	such	that	the	state	e,	belongs	to	the	given	set	E.	Obviously,	P(n	-	1,	i,	d)	does	not	depend	on	values	of	the	control	parameter	other	than	the	values	dl	e,,	n	-	1)	chosen	at	the	time	n	-	1.	Letting	d°	denote	the	value	of	the	control	parameter	at	which	the	function	(3)	takes	its	maximum,'	we	have	P°(n	-	1,	i)
=	P(n	-	1,	i,	d°)	=	max	P(n	-	1,	i,	d).	(4)	dED	Clearly,	there	is	a	value	d°	=	d°(et,	n	-	1)	corresponding	to	every	pair	(Ez,n-1),i=1,2,...	For	k	=	n	-	2,	formula	(1)	becomes	P(n	-	2,	i,	d)	p	5(d)P(n	-	1,	j,	d).	Here	the	probabilities	p,,(d)	depend	only	on	the	values	d	=	d(c,,	n	-	2)	of	the	decision	rule	d	=	d(x,	t)	chosen	at	time	n	-	2,	while	the	probabilities	P(n	-	1,	j,
d)	depend	only	on	the	values	d	=	d(e;,	n	-	1)	chosen	at	time	n	-	1.	Suppose	we	"correct"	the	decision	rule	d	=	d(x,	t)	by	replacing	the	original	values	d(e,,	n	-	1)	by	the	values	d°(E5,	n	-	1)	just	found.	Then	the	corresponding	probabilities	P(n	-	1,	j,	d)	increase	to	their	maximum	values	P°(n	-	1,	j),	thereby	increasing	the	probability	P(n	-	2,	i,	d)	to	the	value
P(n	-	2,	i,	d)	p:s(d)P°(n	-	1,	j).	(5)	Clearly,	(5)	depends	on	the	decision	rule	d	=	d(t,	x)	only	through	the	dependence	of	the	transition	probabilities	p;;(d)	on	the	values	d	=	d(ei,	n	-	2)	of	the	control	parameter	at	time	n	--	2.	Again	letting	d°	denote	the	value	of	the	control	parameter	at	which	the	function	(5)	takes	its	maximum,	we	have	P°(n-2,i)=P(n-
2,1,d°)=	max	P(n	-	2,	i,	d).	dED	n	-	2)	corresponding	to	every	pair	As	before,	there	is	a	value	d°	=	(e;,	n	-	2),	i	=	1,	2....	Suppose	we	"correct"	the	decision	rule	d(x,	t)	by	setting	d(x,	t)	_=	d°(x,	t)	(6)	for	t	=	n	-	2,	n	-	1	and	all	x	=	el,	E2,	...	Then	clearly	the	probabilities	P(k,	i,	d)	take	their	maximum	valuesP°(k,	i)	for	i	=	1,	2....	and	k	=	n	-	2,	n	-	1.
Correspondingly,	formula	(I)	becomes	P(n	-	3,	i,	d)	_	p12(d)P(n	--	2,j,	d)	_	P,3(d)P°(n	-	2,j),	and	this	function	of	the	control	parameter	d	takes	its	maximum	for	some	d°	=	d°(ei,	n	-	3).	We	can	then,	once	again,	"correct"	the	decision	rule	'	It	will	be	assumed	that	this	maximum	and	the	others	considered	below	exist.	PROBLEMS	OF	OPTIMAL	CONTROL
APP.	4	139	d	=	d(x,	t)	by	requiring	(6)	to	hold	for	t	=	n	-	3	and	all	x	=	e,	e2,	...	,	as	well	as	fort=n-2,n-l	andallx=e1,e2,...	Continuing	this	step-by-step	procedure,	after	n	-	1	steps	we	eventually	get	the	optimal	decision	rule	d	=	d°(x,	t),	defined	for	t	=	0,	...	,	n	-	1	and	all	x	=	el,	e2,	...	,	such	that	the	probability	P(d)	=	P(0,	i,	d)	satisfying	the	initial	condition
(0)	=	e,	achieves	its	maximum	value.	At	the	(n	-	k)th	step	of	this	procedure	of	"successive	corrections,"	we	find	the	value	d°	_	d°(e;,	k)	maximizing	the	function	P(k,	i,	d)	_	p21(d)P°(k	+	1,	j),	where	P°(k	+	1,	j)	is	the	maximum	value	of	the	probability	P(k	+	1,	j,	d).	Carrying	out	this	maximization,	we	get	Bellman's	equation2	P°(k,	i)	=	max	deD	I	p;l(d)P°(k
+	1,	j),	which	summarizes	the	whole	procedure	just	described.	Example	1.	Suppose	there	are	just	two	states	el	and	e2,	and	suppose	the	transition	probabilities	are	continuous	functions	of	the	control	parameter	in	the	intervals	a2	<	p21(d)	<	P2al	<	P11(d)	<	Pl,	What	is	the	optimal	decision	rule	maximizing	the	probability	of	the	system,	initially	in	the
state	e,	going	into	the	state	el	two	steps	later?	Solution.	In	this	case,	P°(1,	2)	=	(32,	P°(1,	1)	=	Pl,	P°(0,	1)	=	max	[p11(d)P1	+	p12(d)P2]	=	max	[p11(d)(P1	-	P2)	+	P21a	d	If	the	system	is	initially	in	the	state	c1,	then	clearly	we	should	maximize	the	transition	probability	p11	(by	choosingp11	=	Pl)	if	P,	>	P21	while	maximizing	the	transition	probability
P12	=	1	-	p'	(by	choosing	p11	=	a1)	if	Pl	<	P2.3	There	is	an	analogous	optimal	decision	rule	for	the	case	where	the	initial	state	of	the	system	is	e2.	Example	2	(The	optimal	choice	problem).	Once	again	we	consider	the	optimal	choice	problem	studied	on	pp.	28-29	and	86-87,	corresponding	to	'	In	keeping	with	(2)-(4),	we	have	P°(n,j)	=	1	if	elEE,	0
otherwise.	'	Clearly,	any	choice	ofp1,	in	the	interval	a1	ma	which	is	better	than	all	previously	inspected	objects.	According	to	(12),	mo	is	the	largest	positive	integer	such	that	1+	ma	1	.+	...	+	ma+1	m-1	>	1	1.	(	13)	PROBLEMS	1.	In	Example	2,	prove	that	m	,mo	Ps	e	(14)	if	m	is	large,	where	e	=	2.718...	is	the	base	of	the	natural	logarithms.	Hint.	Use	an
integral	to	estimate	the	left-hand	side	of	(13).	2.	Find	the	exact	value	of	mo	for	m	==	50.	Compare	the	result	with	(14).	3.	Consider	a	Markov	chain	with	two	states	eI	and	e2	and	transition	probabilities	pt;(d)	depending	on	a	control	parameter	d	taking	only	two	values	0	and	1.	Suppose	I,	P11(l)	=	xs,	P2i(1)	=	a.	p11(0)	P2I(0)	What	is	the	optimal	decision
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